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Chapter 1

Introduction

In this habilitation thesis, I will present the works I have done since my PHD. They are all related
to the study of Einstein equations so I start with a general introduction on the topic, and more
precisely on the Cauchy problem in general relativity. In the last part of the introduction, I will
present briefly the results I have obtained since my PHD. Some of them will be explained in more
details in the other chapters.

1.1 Einstein equations

In general relativity, the space-time is described by (M, g) where M is a manifold, usually 4
dimensional, but not always, and ¢ is a Lorentzian metric. Bodies which are in free fall follow
the geodesic in the metric g, so the metric encodes the phenomenon of gravitation. The geometry
is linked to the densities of matter and fields present in the universe by the celebrated Einstein
equations

1
R;u/ - QRQ;LU = T,ulw (111)

In these equations R, is the Ricci tensor : it is a contraction of the Riemann curvature tensor.
The scalar R is the trace of the Ricci tensor, also called the scalar curvature. The tensor 7}, is the
stress-energy tensor : its form depends on the matter model under study. The contracted Bianchi
equations, which are the algebraic relations D* (R, — %Rg,“,) = 0 imply that D*T},,, = 0. These
are local conservation laws for the fields : these equations depend on the metric g, making (1.1.1)
a coupled system of equations for the metric g and the fields.

A manifold of dimension n is locally diffeomorphic to R™. This means that in the neighbourhood
of any point, we can introduce a coordinate system x*, and write the metric g in the form g,,,, dz*dx”.
The Riemann tensor, the Ricci tensor and the scalar curvature can be then computed explicitly
from the metric coefficients g,,. At this stage of the introduction, the exact formula is not very
relevant, but we can say that they involve only expressions of the form gd?g + 0g0g. Therefore,
Einstein equations consist of second order non linear equations for the metric coefficients.
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1.1.1 Examples of stress-energy tensors

As stated before, the form of the stress-energy tensor depends on the field we are considering. We
give here a selection of examples which will appear at some point in this manuscript.

Scalar field: described by a function ¢, with possibly a potential V(¢) : the stress-energy tensor
is

1
T = u¢61/¢ - ig;waa¢8a¢ - guuv(¢)'

The equations D*T),,, = 0 yield the wave equation Oy¢ — V'(¢) = 0.
Perfect fluid: described by a timelike vector field u, with energy density p and pressure p. The
stress-energy tensor is
Ty = puyu, + p(g;w + uuuu)'
The equations D*T),,, = 0 yield Euler equations in curved space-times.

Vlasov field: described by a density f in position and frequency. The stress-energy tensor is
given by

Tuu = f(JU,p)pupudUP;;
P

where Py = {p € Ty M, g"p.p, = 0} is called the mass shell, and dop: is the measure induced
by the metric g on the mass shell. The equations D*T),,, = 0 yield the transport equation along
geodesics for f

« 1 «
9P pg0Oye f — 50219 P papsOp, f = 0.

Electromagnetic field: described by an antisymmetric closed 2 form F,g. The closeness as-
sumption can be written Do Fg, + DgF,o + D Fog = 0. The stress-energy tensor is

1
Ty = F N,y — 1gWFaﬁFaﬁ.

The equations D*T),, = 0 yield D*F},,, = 0.

Yang-Mills field: described by a potential A which is a 1-form with value in a Lie algebra G of
N x N matrices. The potential induces a connection

DWX = DX +[4, X],
where D is the Levi-Civita connection, and a curvature
F., =D,A, — DA, +[A,, A
The stress-energy tensor is also
T = (B2 Fun) = 100 {F*, Fa),
where (,) is the scalar product in the space of matrices. The equations D#T),, = 0 yield

DM = .
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1.1.2 Some explicit solutions in vacuum

In vacuum, that is to say with the stress-energy tensor T}, equals to zero, Einstein equations are
equivalent to the requirement that the Ricci tensor R, vanishes. A trivial solution is given by
Minkowski metric

m = —(dt)? + (dz*)? + (dz?)? + (da?)2.

This metric is flat : this means that its Riemann’s curvature tensor vanishes. However, in dimension
greater or equal to four, the vanishing of the Ricci tensor does not imply the vanishing of the
Riemann tensor, and Minkowski metric is far from being the only solution to Einstein vacuum
equation.

Another well-known special solution is given by the Schwarzschild metric, which is static and
spherically symmetric and is given for r > 2m by the formula

2m 9 2m\ ! o 9,9

This solution, derived by Schwarzschild in 1916 to describe the geometry in the exterior of a star
with spherical symmetry, can be extended beyond r = 2m which is a coordinate singularity to
produce a black-hole solution. Another family of black-holes solutions, static and axisymmetric, is
also known in exact form, the so called Kerr solutions.

We finish this short section with the presentation of a family of non static but almost explicit
solutions : the plane waves. A metric of the form

g = —dudv 4+ B(u)?(e*Wda? 4+ e dy?) (1.1.2)
is a solution to Einstein vacuum equations if and only if
B"(u) — w(u)?B(u) = 0. (1.1.3)

The coefficient w(u) is a function of u which can be chosen arbitrarily. These solutions are the
simplest toy models to understand gravitational waves : the deformation of the space-time occurs
in the z and y direction, which are orthogonal to the direction of propagation wu.

1.2 Cauchy problem

As already guessed with the presentation of the plane wave solutions, Einstein equations in vacuum
are dynamical, and they can be formulated as a Cauchy problem. We will present it here in the
vacuum case, but there are also similar formulations and results in the non vacuum case.

The initial data for Einstein equations are given by a triplet (X, g, K), where (X, g) is a Rie-
mannian manifold, and K is a symmetric two tensor on Y. Solving Einstein equations with initial
data (%, g, K) consists in finding a Lorentzian manifold (M, g), solution of Einstein equations such
that

e Y can be embedded in M,

e The Riemannian metric g is the pull-back of the restriction of the Lorentzian metric g to the
embedded X.
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e K is the second fundamental form of the embedding of ¥ in M. In PDE terms, it is similar
to the data of 0;¢ at time zero when we solve a wave equation.

A space-time (M, g) satisfying these conditions is called a development of (X, g, K)

The initial data cannot be prescribed arbitrarily. Indeed, doing a n + 1 decomposition of the
metric and the Einstein tensor, one can compute that the equations Rog — %Rgoo =0 and Ry; =0,
where 0 is the time index and ¢ the space indices, depend only on the initial data. The corresponding
equations, called the constraint equations, are

p 2 2 _
@;}; - gﬁg :8 (1.2.1)
giyij 'J )

where R is the scalar curvature of g, 7 is the trace of K with respect to the metric g : 7 = 7K
and Vj is the Levi-Civita connection associated to g. These equations form an under-determined
set of equations.

In their seminal work, Choquet-Bruhat and Geroch proved the local well posedness of Einstein
equations

Theorem 1.2.1. /23], [12] Let (2,5, K) be a set of sufficiently regular initial data, satisfying
the constraint equation. Up to diffeomorphism, there exists a unique mazximal, globally hyperbolic
development (M, g) of (X, g, K) solution of Einstein equations.

1.2.1 The constraint equations

Studying the solutions to the constraint equations (1.2.1) is a field of study in itself. Here, we
will just give some ideas of the most used method for their resolution, the conformal method. The
equations (1.2.1) form an underdetermined system of equations for g and K. A way to parametrize
the solutions, introduced for the first time by Lichnerowitz in [56], consists in looking for solution
3, K of (1.2.1) on ¥ of dimension n, of the form

. n g g 1 ..
g=9my, K=o R (L W)+ UY) 4 g,
n

where L, is the conformal Killing operator
2 _
(L W)y =V, W, +V, W, — ﬁvﬁwmj, Yu,veln,

where V is the Levi-Civita connection associated to v, and U a divergenceless, traceless 2—tensor.
The quantities v, U and 7 should be seen as parameters. Then the constraint equations give a
system of determined elliptic equations for ¢, W which can be written

4(n—1 n—1 4 ne2 U+ LW
n—2 )A’Y@ + R’YQO == n 7'2()071—2 + Snj/Z ’
(pn—Q
- -1
AW == pitadr,
n

where ZZW = VH(L,W),, is the conformal vectorial Laplacian. There is a vast literature de-
scribing the resolution of this system, on compact, asymptotically flat or asymptotically hyperbolic
manifolds, depending on whether the mean curvature 7 is constant, in which case the system de-
couples, is close, or is far from being constant (see [18] for a survey on the subject).
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1.2.2 Wave coordinates

Solving Einstein equations requires some gauge choices. In any coordinate chart (z®), the Ricci
tensor can be computed

1, 1 1
Ry, = _59 ﬁaaaﬁg;w + ) (gupaqu =+ gypaqu) + ippw(g)(agy a9),

where )
H® = 039" = 59" 0agup, (1.2.2)

and P,,(g)(9g, dg) is a quadratic form in the first derivatives of g. In fact, one can compute that
H® = Ogz® : this is the d’Alembertian in the metric g of the coordinate function 2®. Assuming
that H* = 0 is a condition on the coordinates, which is the analogue of the Lorentz gauge for
Maxwell equations, and allows to recast Einstein equations in vacuum as a system of quasilinear
wave equations for the metric coefficients

Oogur = Puv(9)(9g, 9g)- (1.2.3)

Let us sketch the strategy to solve Einstein equations in wave coordinates, which is important to
understand even if we work in other gauges since there are similar aspects in the philosophy. We
recall that the initial data for Einstein equations are (X, g, K), with § a Riemannian metric on X
and K a symmetric 2-tensor, solution to the constraint equations.

e To solve (1.2.3) we need the initial data for 9uv and 0¢g,, at time ¢ = 0. We choose them
following the procedure.

- We take gij = gij;

— The coefficients ggp and gg; are free : we can choose ggo = —1 and go; = 0 without loss
of generality,

— We take 8tgij = K”

— We choose d:ggp and d:go, in order for the wave coordinate condition (1.2.2) to be satisfied
at time ¢t = 0.

e We solve (1.2.3) with such initial data, which is possible if they are regular enough. However
we may a priori have existence only up to some time 7" > 0.

e We now have to check that the metric g, whose coeflicients are given by the solution of (1.2.3)
is indeed a solution to Einstein equations.

Let us describe this last point. We need to show that the wave coordinate condition holds true
as long as the solution exists. We consider the metric g we have constructed: we can calculate its
Ricci tensor

1

1
Rlll/ = _imgguu + 5 (gupaqu + gupaqu) + P/w(g)(aga ag)v

1
= § (gupaqu + gupaqu) )
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where we have used the wave equation satisfied by g. Let us now recall the contracted Bianchi
identity, which are always satisfied by the Einstein tensor of a metric

1
VH(RNV - §Rguy> =0.

Replacing the Ricci tensor by its expression in term of H, we obtain for H a system of linear,
homogeneous wave equations with variable coefficients. By uniqueness of the solution to such a
system, it is therefore sufficient to check that the initial data vanish at time ¢ = 0. The condition
H?|4—g = 0 is ensured by the choice of drgoo and Orgos. To obtain the remaining condition,
OrHP|t—0 = 0, we look at the constraint equations. We have that, at time ¢t =0

1
Rog — 53900 =0, Ro; = 0.

Again, the Ricci tensor can be expressed in term of 0H, and here more precisely in term of 0, H,
since H vanishes at time zero. The condition we obtain on J;H can be inverted, yielding the initial
condition 0;H”|;—¢ = 0.

Wave coordinates have been used by Choquet-Bruhat to prove the local existence result [23].

1.2.3 Some fundamental results on the Cauchy problem for Einstein vac-
cum equations

As said before, Theorem 1.2.1 is a local existence result for regular data for Einstein vacuum
equations. This opens the way to fundamental questions in partial differential equations like the
issue of the minimal regularity needed to obtain local well-posedness, and the issue of global well-
posedness.

In the first category, the most accurate result up to now is the bounded L? curvature theorem
by Klainerman, Rodnianski and Szeftel [50], which says that Einstein equations are well posed at
the level of the curvature in L2.

In the second category, it is important to specify what we mean by global wellposedness. Indeed,
singularities may form in general relativity, such as the singularity inside the Schwarschild black-
hole. Another pathological behaviour which can happen is the formation of a Cauchy horizon,
across which the solution could be continued in a non unique way, as in the Kerr black-hole. In
these two particular examples the singularity is hidden inside a black-hole region: this is conjectured
to be a generic behaviour in the so-called weak cosmic censorship, which can be seen as a global
well-posedness conjecture for Einstein equations. This conjecture in its general form is still a far
away goal. However, global well-posedness results have been proved in some perturbative cases.
Let us quote a few results.

e The nonlinear stability of Minkowski has been proven by Christodoulou and Klainerman in
[16]. Another proof, using wave coordinates, has been found by Lindblad and Rodnianski in
[57].

e The nonlinear stability of Schwarzschild for axially symmetric perturbation has been proven
by Klainerman and Szeftel in [51]. The full non linear stability of Schwarzschild (for data in
a codimension 3 manifold) has been proven by Dafermos, Holzegel, Rodnianski and Taylor in
[19].

e Some steps toward the nonlinear stability of Kerr for small angular momentum have been
done by Klainerman and Szeftel in [52].
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1.3 Overview of the results obtained by the author

1.3.1 List of results

Papers written after the PHD (in reverse chronological order):

[41] C. Huneau and C. Valcu : Einstein constraint equations for Kaluza-Klein spacetimes,
preprint.

[40] C. Huneau and A. Stingo : Global well-posedness for a system of quasilinear wave equations
on a product space, preprint.

[39] C. Huneau and J. Luk : Trilinear compensated compactness and Burnett’s conjecture in
general relativity, preprint.

[38] C. Huneau and J. Luk : High-frequency backreaction for the Einstein equations under
polarized U(1)-symmetry, Duke Mathematical Journal.

[37] C. Huneau and J. Luk, Einstein equations under polarized U(1) symmetry in an elliptic
gauge, Communication in Mathematical Physics.

[36] D. Héfner and C. Huneau, Instability of infinitely-many stationary solutions of the SU(2)
Yang-Mills fields on the exterior of the Schwarzschild black hole, Advances in Differential Equations.

[35] C. Huneau : Stability of Minkowski space-time with a translation space-like Killing field,
Annals of PDE.

Papers written during the PHD:

[34] C. Huneau : Stability in exponential time of Minkowski space-time with a translation
space-like Killing field, Annals of PDE.

[28] R. Gicquaud and C. Huneau : Limit equation for vacuum Einstein constraints with a
translational Killing vector field in the compact hyperbolic case, Journal of Geometry and Physics.

[32] C. Huneau : Constraint equations for 3 + 1 vacuum Einstein equations with a translational
space-like Killing field in the asymptotically flat case. II, Asymptotic Analysis.

[31] C. Huneau : Constraint equations for 3 + 1 vacuum Einstein equations with a translational
space-like Killing field in the asymptotically flat case, Annales Henri Poincaré.

1.3.2 Brief description of the results
U(1) symmetry

Many results in the list above are in the context of U(1) symmetry (similar to a translation sym-
metry), so let us motivate briefly the introduction of this symmetry, presented more precisely in
Chapter 2. This symmetry has the advantage of reducing Einstein vacuum equations in dimension
3 4+ 1 to Einstein equations in dimension 2 + 1 coupled to either a wave equation in the polarized
case, or a wave-map system in the unpolarized case. This symmetry, by reducing the dimension,
should also reduce the critical regularity needed to prove local well-posedness. A long standing con-
jecture says that Einstein equation in U(1) symmetry should be globally well-posed in the Sobolev
space H'. This conjecture has been proved, in presence of an additional symmetry in [3]. In
[14], Choquet-Bruhat and Moncrief proved a global well-posedness result in H? in the case where
space-time can be foliated by compact hyperbolic space-like surfaces in expansion.
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Stability of Minkowski with a translation symmetry

A first natural global-existence question one can ask in the context of U(1) symmetry is the stability
of the trivial solution, which can be formulated as the stability of Minkowski space-time of 3 + 1
dimensions for perturbations that are symmetric in one of the space direction. More precisely,
Einstein vacuum equations with polarized U(1) symmetry reduce to the following system coupling
a Lorentzian metric g on R?*! with a scalar field ¢

O, =0
{ Ry, = 20,60,6. (1.3.1)

Let us note that if reducing the dimension is more favourable for regularity issues, it is known to
be less favourable for stability, since the decay of the free wave is lower.

In 2+ 1 dimensions, the constraint equation can be seen as a determined system. Consequently,
the free initial data for (1.3.1) consist only of the initial data (¢, 8t¢>)|t:O = (¢o, ¢1) for the wave
equation. The theorem proved in [35] is the following.

Theorem 1.3.1. Let0 <e < 1. Let £ <8 < 1 and N > 25. Let (¢, ¢1) € HNT2(R?) x HNT1(R?)
compactly supported in B(0, R). We assume

@oll ez + o1l mver <.

Lete € p < 0 < 6, such that § — 20 > % If € is small enough, there exists a global solution (g, ¢)
of (2.3.1). Moreover, if we call C the causal future of B(0, R), and C' its complement, there exists
a coordinate system (t,x1,22) in C and a coordinate system (t',x},x%) in C such that we have in
C :

(¢a at(yb)‘t:O = (¢Oa ¢1)7

9 3
lg=—m| S —————1= l9l< ;
(14t + )2 (1 +|al)2

Y (L4t |z))zr
11009 gn+1gey + 1oL+t — |2]) T2 770(g — m)|| g ey S (1 + ),

where we note ¢ = r — t, and we have in C
11e(1+ |2 = ) *°7278(g — ga) |~ @2y S e(1+1)*,
where g4 is defined by
ga = —dt* +dr® + (r + x(q)a(0)q)*d0> + J (0)x(q)dgdf,
with x a cut-off function equal to 1 for ¢ > 2 and equal to 0 for ¢ <1 and
a(0) = ag + ay cos(8) + az sin(0).

The parameter ag, (a1,a2),J are respectively the asymptotic deficit angle, linear momentum and
angular momentum, and are determined by the initial data (see [32]).

In [35], we give also another version of this theorem, in a global coordinate chart : the price to
pay is a more complicated formula for the asymptotic behaviour of the metric.

The main difficulty of the proof is due to the decay of the free wave equation in dimension 2+ 1,
which is only % With this decay, solutions to a system of wave equations with quadratic or cubic
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non-linearities may blow up if there is no structure. The main ingredient of the proof is to carefully
choose a generalized wave gauge, that is to say a gauge where the coordinates satisfy an equation
of the form Oyz® = F¢, with F'* chosen to remove the quadratic terms which do not have the null
structure. After this transformation, we are left with a system of wave equations with a weak cubic
null structure, for which the global existence proof has some common features with the proof of the
stability of Minkowski in wave coordinates by Lindblad and Rodnianski [57].

High-frequency limit in U(1) symmetry

The articles [37], [38] and [39], in collaboration with Jonathan Luk, are concerned with the behaviour
of high-frequency solutions to Einstein-vacuum equation. To study such a behaviour, the U(1)
symmetry, which is more favourable in term of the regularity needed, is particularly adapted. This
research topic is the subject of Chapter 2.

Spherically symmetric SU(2) Yang-Mills equation on the exterior of the Schwarzschild
black hole

Studying Einstein equations with spherical symmetry could be an interesting toy model. However,
Birkhoff’s theorem (see Chapter 4 of [11]) tells us that the only solutions to Einstein vacuum
equations with spherical symmetry are given by the Schwarzschild solutions. Therefore, to have
a dynamical problem in spherical symmetry, one should consider Einstein equations coupled to
another matter field. For instance in [15] Christodoulou considered Einstein scalar field equations
with spherical symmetry, and subsequently proved the weak cosmic censorship in this setting.

Another interesting model is given by Einstein-Yang Mills equations with spherical symmetry:
in that case even the decoupled equations are non linear. The asymptotic behaviour of solutions to
such a system is not straightforward at all, due to the presence of a countable family of non trivial
static solutions: see [63] for the existence of smooth solutions, and [64] for the black-holes solutions
(see also [6] for a numerical study). These non trivial solutions are conjectured to be unstable [7].

In [36], a work in collaboration with Dietrich Hafner, we study the simplified uncoupled problem,
that is to say a Yang Mills equation with spherical symmetry on a fixed Schwarzschild exterior.
The equation we study takes the simple form

(1-2m)

OPW — O*W + = W(W?—-1)=0, (1.3.2)

where the coordinates = and r are related by

de _ () 2m\7'
dr T ’

The exterior of the black-hole is the region r > 2m. The range of x is | — 0o, +00o[. There is a
conserved energy for (1.3.2) given by

2m

o
2r2
The solutions of zero energy correspond to W = £1. Perturbations of these trivial solutions decay
to zero when the time goes to infinity (see [27]).

In [36], we study perturbations around the non trivial static solutions given by the following
theorem

EW,W) = /W2 + (W) + (W? —1)%dz.
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Theorem 1.3.2. There exists a decreasing sequence {an}neN21, <. <ap<ap_1<..<a =

1+/3
3v3+5

and, for allm > 1, smooth stationary solutions W,, of (1.3.2) with

-1<W, <1, lim W,(z)=a,, lim W,(z)=(-1)".

r——00 T—00
The solution W,, has exactly n zeros.

Remark 1.3.3. There is an explicit formula for the first stationary solution (see [7])

¢ 5 3+V3
W) = ——2m = .
1(‘7") ﬁ+3(071)7 c 2

This solution corresponds to limy_, o Wi(x) = a1 = 31\25?5-

We give a detailed proof of this result in the appendix of [36], where we follow arguments of
Smoller, Wasserman, Yau and McLeod [63] and [64]. The main theorem of [36] states that the
above solutions are all nonlinearly unstable in the energy space £ = H' x L? where

1
1-2m 2
[ul|2,, = /(&Cu)%lgj—i— (/ 72’“u4dx> .

Theorem 1.3.4. For any n > 1 the solution W,, of (1.3.2) is unstable. More precisely, there exist
€0 > 0 and a sequence (Wg",, W) with [[(Wg,, Wi",) — (W,,0)[le — 0, m — oo, but for all m,

the solution W'(t) of (1.3.2) with initial data (Wg",, WT%,) satisfies

sup [|(W;" (1), W' (8)) — (Wi, 0)lle > €0 > 0.

t>0

This instability is due to the presence of at least an unstable mode for the linearised equation
around W,, which consists of a wave equation with a potential V,,. The difficulty in proving
analytically the presence of an unstable mode, is that the stationary solution W,, are only obtained
with a shooting argument. Therefore we need to study more precisely the behaviour of the solutions
W, to obtain estimates on the potential V,.

Einstein equations on space-time with additional compact directions

In some physical theories, such as supergravity (see [9]), Einstein equations are considered on
manifold of the form M x K, where M is a 3+ 1 manifold and K a compact manifold. The articles
[41], in collaboration with Caterina Valcu, and [40], in collaboration with Annalaura Stingo, are
preliminary studies for the stability of the trivial solution (R3*! x T%, ¢) with ¢ = m+ (df)?, where
m is the Minkowski metric and (df)? the flat metric on the torus T¢. This research topic is the
subject of Chapter 3.



Chapter 2

Burnett’s conjecture and its
reverse in U(1) symmetry

In general relativity, space-time is dynamical: the generic evolution of stellar objects produces
gravitational radiation. When this gravitational radiation is weak, it can be modelled by studying
the linearised Einstein equations around a particular solution. However, if the radiation is not weak,
the non-linear features of Einstein equations begin to play a role and the problem becomes much
more difficult. In 1968, Isaacson initiated a new perturbative scheme, inspired by WKB analysis,
to study gravitational radiation in the limit of small amplitude but high frequency (see [43] and
[44]). Around the same time, formal solutions have been computed by Yvonne Choquet Bruhat in
the language of geometrical optics (see [10]).

In 1989, Burnett formulated a conjecture on the possible effects of small amplitude and high
frequency perturbations in general relativity. For this, he considered a special regime where a
sequence of metrics gy, solutions to Einstein vacuum equations is such that

e g, — go when A\ — 0, where g¢ is a smooth Lorentzian metric,

o0
loc®

e Jg, is bounded in L

Because of the non-linearities in Einstein equation, the metric go is not in general a solution to
Einstein vacuum equations: terms of the form (9gy)? lead to a defect of convergence and we can
write

1
(Ryuw — §R9W)<90) = Tﬁz{fv

where we have put all the defect of convergence in the right-hand side, and called it the effective
stress-energy tensor Tﬁ{ff . This effect is called the backreaction. In [8], Burnett conjectured that
Tﬁff corresponds to the stress-energy tensor of a massless Vlasov field. This means that there

should exist a non negative function f(x,p) defined on the the null mass shell P* M = {(z,p) €
T*M,ggl(p,p) = 0} such that

Tel = / F(@, p)pupvdopsam,
* M

T

15
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where dopxrq is the measure induced by g on P; M. Moreover, the function f should satisfy the
transport equation

1
ggﬁpﬁawaf - §8xiggﬁpap63p¢f = 0.

In [8], Burnett also asked the reverse question : for a solution (go, f) to Einstein-massless Vlasov
equations, can we found a one parameter family of metrics gy, solutions to Einstein vacuum equa-
tions such that gy converges uniformly to gg, and the derivatives of gy are uniformly bounded?
To illustrate his conjecture, Burnett proposed the following example. Consider a sequence of
plane wave solutions
gr = —dudv + By (u)? (e dz? 4+ e=2 W dy?).

with the function wy chosen to be of the form wy(u) = Aa(u) cos (%). Einstein vacuum equations
are equivalent to the ordinary differential equation for B)

BY(u) — wx(u)?Bx(u) = 0.
Taking the high frequency limit, that is to say letting A — 0 we obtain gy — g uniformly, where
go = —dudv + By (u)?(dz?* + dy?),

and )
B (u) — ia(u)QBo(u) =0.

We can compute that g is no longer a solution to Einstein vacuum equations. Instead we have

1
Ryu[g0] = 50‘(“)2“/1%/'

The right hand-side corresponds to the stress-energy tensor of a null dust, that is to say a massless
fluid without pressure. This can be seen as a particular case of a Vlasov field.

This problem has been subsequently revisited in the context of perturbations in cosmology
(see [29]). In cosmology, the universe is often modelled by a Friedman-Lemaitre-Roberston-Walker
space-time, which is a homogeneous and isotropic solution to Einstein-Euler equations. However
this model have some fitting issue with observations, which are commonly solved by the introduction
of dark matter and dark energy. Moreover, the homogeneity is a large scale property, which is not
true at small scale, and taking averages does not commute with taking products, as explained in
[21] : this led to the idea that inhomogeneities at small scale could affect the behaviour of solution
at large scale, and might mimic the effect of dark energy.

n [29], Green and Wald answered this question in the following setting. They consider a
one parameter family of metrics gy, solutions to Einstein equations with a stress-energy tensor
T, satisfying the weak energy condition, which is that for all time-like vector field X, we have
T, X" X" > 0. Assume also that there exists go such that 3|gx — go| and |Dgx| are uniformly
bounded in L7 , and that products of derivatives of gy have a weak limit. Then the effective stress-
energy tensor is traceless and satisfies the weak energy condition, which excludes the creation of
dark energy. The right setting for the study of small scale inhomogeneities in cosmology is however
still subject to debates.

In a series of joint works with Jonathan Luk, which will be presented in this chapter, we
study Burnett’s conjecture and its reverse in U(1) symmetry. The advantage of this setting is the
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possibility to work in an elliptic gauge, which allows to say that some components have a better
behaviour in term of oscillations.

Burnett’s conjecture and its reverse have also been studied by Luk and Rodnianski in [58]. They
work in 3 + 1 dimension, without symmetry assumptions, but on solutions with higher regularity
in angular directions, expressed in a double null foliation.

2.1 Einstein equations with U(1) symmetry and elliptic gauge

In the whole chapter, we will work in a (3 + 1)-dimensional manifold M = M x R, where
M = (0,T) x R%. Introduce coordinates (¢, z',2?) on M and (t,z', 2, 23) on () M in the obvious
manner.

Consider a Lorentzian metric (Y'g on (‘Y M with a U(1) symmetry, i.e. g takes the form

Wg=e2g 4 e2¥(da® 4 Ayda®)?, (2.1.1)

where ¢ is a Lorentzian metric on M, 9 is a real-valued function on M and %, is a real-valued
1-form on M.

Under these assumptions, it is well known that the Einstein vacuum equations for ((4)/\/17 ) g)
reduces to the following (2 + 1)-dimensional Einstein—wave map system for (M, g, 9, w) (see for
instance [11]),

Og¢ + 2e74Y g7 (dw, dw) = 0,
Oy — 4g~ ! (dw, dy) = 0, (2.1.2)
Rag(g) = 23(177/}6,31/1 + %e*‘w@aw@ﬂw,

where w is a real-valued function which relates to 2, via the relation
1
(dQl)aB = 0,z — 02U, = 56_4w(g_1)A6 €asr 05, (2.1.3)

where €,5) denotes the completely antisymmetric tensor. The function w is called the twist
potential.

2.1.1 Elliptic gauge
We write the (2 + 1)-dimensional metric g on M := I x R? in the form

g = —N?dt* + gi;(dz" + B'dt)(da? + pdt). (2.1.4)

Let 3 := {(s,2',2%) : s = t} and eqg = 0; — 3'0;, which is a future directed normal to ¥;. We
introduce the second fundamental form of the embedding ¥; C M
1

K= ——
2N

LeyGij- (2.1.5)

We decompose K into its trace and traceless parts.
1
2

Here, 7 :=trgK and H;; is therefore traceless with respect to g.
Introduce the following gauge conditions:

Kij = Hij + gij7—~ (216)
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e § is conformally flat, i.e., for some function v : g;; = €274;;;
e The constant t-hypersurfaces X; are maximal : 7 = 0.

Under this gauge conditions, the metric components N, v and 3 satisfy the following elliptic
equations; see [37, Appendix BJ:

ik e
e 1 _
Ay = —mGoo — 3¢ 2MHP?, (2.1.8)
1 ey
AN = Ne |H|? — 5ezw\fR + 57 Goo, (2.1.9)
(£8)ij = 2Ne * H,j, (2.1.10)

where R, is the Ricci tensor, R is the scalar curvature, Gag = Rapg — 5 Rgags is the Einstein tensor.
In the case of (2.1.2), these terms can be computed using

Ras(9) = 2atidsts + go~*dumilye.

The conformal Killing operator £ is given by
(£8)ij = 0;00;8° + 6;00; 8" — 6:;0, 8% (2.1.11)

Taking the divergence of (2.1.10) and using (2.1.7) we can write an elliptic equation for S whose
principal symbol is A.
Moreover, the spatial components of the Ricci tensor is given by (see [37, Proposition B2])

1 1
R;j =6i; <A7 - 2NAN> — (0 - BEOy)H,j — 2¢ " H; Hj¢ (2.1.12)

1 1 1
+ N (6]'5ka¢ + 6iﬂkaj) — N (816]N — §5ijAN — (650}7 + (5?6,"}/ — 51']‘(5%6[}/) (9kN> .

2.1.2 Local well-posedness in elliptic gauge for Einstein null dust system

The way to prove that a gauge choice is admissible, is to show local well-posedness with this gauge
condition. It is the strategy of [37], where we Einstein null dust system in polarized U(1) symmetry.
A null dust is a fluid which is isotropic (for instance a fluid of photons), and without pressure. The
polarized character means that we take 2, = 0, and replace the wave-map system by a single wave
equation. We can write Einstein null dust system under the form

Rw(g) = 28#’1/151,1/} + ZA(FA)26;LUA81/UA7
Dg"/’ =0,

2(9*1)“58auA6gFA + (Dg’LLA)FA =0,
(gil)aﬁaauAaguA =0.

(2.1.13)

where the index A belong to some finite set. The purpose of this study is to be applied to our
result in [38], described in Section 2.2, which says that we can approach any small and regular
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solution to Einstein null dust system in U(1) symmetry by a one parameter family of solutions to
Einstein vacuum equations in U(1) symmetry hy = (gx, %) such that dh) is bounded in L>° and
102ha]lL2 < AL Consequently, our local well posedness result will be two folds.

e We want to show local well posedness for Einstein null dust system, for small and regular
initial data.

e For Einstein vacuum equations, the local well-posedness result should not impose smallness
for more than one derivative of .
The initial data

Since we will be dealing with elliptic equations, it is natural to introduce weighted Sobolev spaces,
which are particularly well adapted to the resolution of the Laplace equation.

Definition 2.1.1. Let m € N, 1 < p < oo, d € R. The weighted Sobolev space Wy, is the
completion of C§° under the norm

S+18]
lellwg, = > I+ |2) 7= Vul| .

|B]<m
We will use the notation Hi" = Wg:é.

The initial data for (2.1.13) consist of the prescription of the geometry (first and second funda-
mental forms of ¥g) as well as the matter fields. For convenience, we will require V), the normal
derivative of ¥ and Fa to be initially compactly supported. By the finite speed of propagation,
they will remain spatially compactly supported.

To completely specify the initial data, we also need to prescribe the initial values for solutions
to the eikonal equation (¢~1)**9,uad,ua = 0. To this end, we will prescribe the initial values for
UA |y, and will require also that

1. ming inf,cpe VUA‘EO () > C;.,i for some C.;, > 0,

2. (eouA)’20 >0, VA.

Moreover, while ua is only physically relevant on the support of Fa (see (2.1.13)), we will for
technical convenience define ua globally on the initial hypersurface ¥y and also require the level
sets of ua to be asymptotic to planes in R?, or more precisely, for each A € A, there exists a
constant vector field ¢x such that Vua — ¢4 is in an appropriate weighted Sobolev space.

Before we proceed to define the notion of admissible initial data, we need to fix a cutoff function
for the rest of the section:

Definition 2.1.2 (Cutoff function x). From now on, let x(|z|) be a fized smooth cutoff function
with x =0 for |x| <1 and x =1 for |z| > 2.

We now make precise the discussions on the initial data set in the following definition:

Definition 2.1.3 (Admissible initial data). For —% <0<0,k>3, R>0 and A a finite set, an
admissible initial data set with respect to the elliptic gauge for (2.1.13) consists of
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1. a conformally flat intrinsic metric €*75;; which admits a decomposition

}20
v = —ax(|x]) log(|z]) +7,
where a > 0 is a constant, x(|z|) is as in Definition 2.1.2, and 7 € HyT2;

2. a second fundamental form (Hij)‘zo € Hfj:ll which is traceless;

3. (%(eoz/)), V1/1)|ZO € H*, compactly supported in B(0, R);

4. FA’ZO € H*, compactly supported in B(0,R) for every A € A;

5. uA’EO such that inf, cge

VuA‘EO‘(m) > C;é for some Cg;, > 0 and (VUA’EO — c?i) = H(?H,
where ¢& is a constant vector field for every A € A.

Moreover v and H are required to satisfy the following constraint equations:

) 227
5’k8kHZ-j = *T(e(ﬂ/})aj‘d) — E e”Fi|VuA|3juA, (2114)
A
-2 e o 1 2 2 2 2
Ay+e 2 (2(eow) + —|H| >+|v¢| +3 " FZ|Vual? = 0. (2.1.15)
N 2 A

Let us note that the term in —ax(|z|) log(]z|) in the expression of v comes from the fundamental
solution to the Laplace operator in R?, and the fact that v satisfies (2.1.15).

It turns out that we can find freely prescribable initial data, from which (under suitable smallness
assumptions) one can construct admissible initial data satisfying the constraint equations. To this
end, it will be convenient not to prescribe the unit normal derivative %eo of the scalar field v
and the density of the null dusts Fa, but instead prescribe appropriately rescaled versions. More
precisely, define 1,[), Fa by
. e
VSN

We define the notion of admissible free initial data as follows:

ol
2

(eot), Fa = Fae?. (2.1.16)

Definition 2.1.4 (Admissible free initial data). For —% <0<0,k>3, R>0 and A a finite set,
an admissible free initial data set with respect to the elliptic gauge is given by the following:

1. (w, v¢)|20 € H*, compactly supported in B(0, R);

2. ﬁA’EO € H*, compactly supported in B(0, R) for every A € A;

3. uA|20 such that inf cp2 vuA|20 (z) > C’;,i for some Ce;, > 0 and (VUA|EO - CTK) IS H§+1,

where & is a constant vector field for every A € A.

Moreover, (¢, V), FA, uA)‘EO is required to satisfy

/ <2¢3j¢ - ZF,§|VUA|3juA> dz=0. (2.1.17)
R2 A
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In order to obtain an admissible initial data set from an admissible free initial data set, one
then solves the constraint equations (2.1.14) and (2.1.15), and also solves the equations (2.1.8)
and (2.1.9) for N and S. We remark that (2.1.17) is the integrability condition necessary to solve
(2.1.14).

Under suitable smallness assumptions, an admissible free initial data set gives rise to an actual
admissible initial data set satisfying the constraint equations (see [37]).

Local well posedness result

The following theorem is the main result of [37]. Its content is the local well posedness in elliptic
gauge for (2.1.13).

Theorem 2.1.5. Let —% <0<0,k>3, R>0 and A be a finite set. Given an admissible free
initial data set as in Definition 2.1.4 such that

1Pllzoe + Vel + max| Fallp <e, (2.1.18)
—1
Ceik := (rnpi‘nmienﬂg2 |VuA|(:r)) + mngVuA — cT&HH;cH < o0, (2.1.19)
and . }
Chigh = [[¥[lgr + VY|l e + [|[Fallge < oo (2.1.20)

Then, for any Ceir and Chign, there ezists a constant €ion = €iow(Ceik, k, 0, R) > 0 independent
of Chign and a T = T(Chigh, Ceik,k, 6, R) > 0 such that if € < €jow, there exists a unique solution
to (2.1.13) in elliptic gauge on [0,T] x R?. Moreover, the metric components v and N can be
decomposed as

v = ax(je|)log(|z]) + 7, N =1+ Nagymp(t)x(|z])log(|2]) + N,

where o < 0 is a constant, Nasymp(t) > 0 is a function of t alone, and x(|z|) is as in Definition 2.1.2,
5,N € HF 2.

The smallness requirement is not so usual for a local well posedness result. In fact it is already
required in order to solve the constraint equations (see also [33]). It is fundamental for our appli-
cations that the smallness requirement does not depend on the higher order norms (that is on the
constant Chgp).

An important fact to notice about the solution, is that the quantity «, which appears in the
decomposition of =y is conserved. This quantity has a geometric meaning : it is the defect angle at
infinity of the metric. It can be seen as the two dimensional equivalent of the ADM mass. The
conservation of the defect angle can be interpreted as the conservation of the total energy of the
system. As a consequence of our result, we have an other conservation law which is that the equality
(2.1.17) holds for all times. This can be interpreted as the conservation of total linear momentum.

Strategy of the proof

The main difficulties in proving Theorem 2.1.5 comes from the fact that the conservation of the
total energy and linear momentum are necessary to solve (2.1.13) in elliptic gauge, but they do
not seem to be provable directly from the equations of motion. However, since Einstein equation
are overdetermined, we have additional relations between the metric components which allows to
change the nature of some of the equations.
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e Instead of solving the elliptic equation for v, given by (2.1.8) we can solve a wave equation :
then the asymptotic behaviour in aIn(|z|) is automatically conserved.

e Instead of solving the elliptic equation for H, given by (2.1.7) we can solve a transport
equation, obtained from (2.1.12). Then the equality (2.1.17) is not required for the resolution.

The presence of the null dusts brings a specific difficulty which is an apparent loss of derivative. The
classical way of solving the eikonal equation is to replace it by the geodesic equation for L, = Jyu.
This implies that in terms of derivatives we have L at the level of one derivative of the metric g.
From the transport equation for F', and the presence of the term Uyu = divyL, we then have that
F is at the level of a derivative of L, so two derivatives of the metric g. This is a problem since
L appears in the right-hand-side of the equations for g. This problem can be solved by using in
addition Raychaudhuri equation for xa = Ugua.

We call the system we obtain at the end of this process the reduced system. The Einstein part
is a mix of elliptic, wave and transport equations in the ¢ direction. The equations of motions are
still wave and transports equation in the ua direction. The strategy to prove Theorem 2.1.5 is then
the following.

e To show local well-posedness for the reduced system. This is done via an iterative scheme. The
difficulty comes from the interplay between evolution equations, for which the convergence
of the sequence of solutions can be obtained by taking a time which is small enough, and
nonlinear elliptic equations, for which we need to use the smallness of some of the parameters
to show the convergence. The fact that we track the dependency in € and C;gp leads us to
use an involved hierarchy of estimates.

e To show that the solution obtained at the end is indeed a solution to Einstein equations in
elliptic gauge. This is done by using Bianchi identities, the same which allow to conclude the
local well-posedness in wave coordinates presented in Section 1.2.2.

2.1.3 An improved local well posedness result for the vacuum equations

In view of the application described in Section 2.3, we need a local well posedness result for Ein-
stein equations in unpolarized U(1) symmetry, with a relaxed smallness criterion : the required
assumption should be that the derivatives of ¢ and w are small in L* instead of L. This result
has been proved by Arthur Touati in [66]. His result is the following.

Theorem 2.1.6. Let k = 2 and consider free intiaial data (1, V1), (%, V) such that
1llze + 1V9llzs + leoll e + [ Vellze < e.

For € small enough, there exists a time T and a unique solution to (2.1.2) in elliptic gauge on
[0_,T[><R2. Moreover, if the mazimal time of existence T is finite, then either the H' norm of
(1, V), (co, Vo) diverges, either the smallness in L* no longer holds.

2.2 Construction of high-frequency space-times : the case of
null dusts

The aim of [38] is to show that any small, regular and local in time solution to (2.1.13) satisfying
the angular separation condition of Definition 2.2.1 can be approached by a one parameter family
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of solutions to Einstein vacuum equations in polarized U(1) symmetry

Dg,(/) = 07
{ Ricag(9) = 20a19s1), (2.2.1)

Definition 2.2.1. Given a solution to (2.1.13) on I x R? for I C R (which is as regular as that
in Theorem 2.1.5), we say that the set of eikonal functions {ua}aca is angularly separated if
there exists f € (0,1) such that

6ij (8iuA1 ) (aj UA, )
|vuA1 | |VUA2 |

(t,x) <1—1n', V(t,z)eIxR? VA #A,.

The precise statement of our theorem is the following.

Theorem 2.2.2 (Main theorem). Let k > 10, —3 < d <6+ 3¢ <0, R > 0 and A be a finite set.
Given an admissible free initial data set (w, Vw,FA,uA)|EO (see Definition 2.1.4), such that

|VuA|ZO\ > %;
° UA’EO 18 angularly separated;
e (Smallness condition)
IVun = Ry, + 1l + V6 e + |Ealle < (22

e (Genericity condition on initial data) there exists a point p € R? such that

(611’40”20 (821/}.0”20 ] )
( (81¢0)|20 ) (p) and ( (aQQ/’O)‘EO (p) are linearly independent. (2.2.3)

Then, there exists g > 0 (depending on k, 6, R, |A| and {¢A}aca) such that if € < o, a unique
solution (go, %o, (Fo)a, (uo)a) to (2.1.13) arising from the given admissible free initial data set exists
on a time interval [0, 1], and there exists a one-parameter family of solutions (gx, ) to (2.3.1) for
A € (0,X0) (for some Ao € R sufficiently small), which are all defined on the time interval [0,1],
such that

(gr,¥x) = (90,%0) uniformly on compact sets

and
(Ogx, 0vx) — (990, Obo) weakly in L?
with gy, 0¥y € LS. uniformly.

loc

Let us make a few remarks on this theorem.

e The existence of the background solution (go, %o, (Fo)a, (uo)a) is a direct consequence of
Theorem 2.1.5.

e The angular separation condition appears at several places in our proof (see section 2.2.2)
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e The genericity condition is a technical condition to ensure that we can take initial data for
(g, V) satisfying (2.1.17).

The proof of Theorem 2.2.2 may be more interesting than the result in itself, because in the
process we construct a high frequency ansatz for a solution to (2.2.1) and show the superposition of
high frequency waves, in the spirit of geometrical optics. The main ideas of the proof are explained
in the next subsections.

2.2.1 Strategy of the proof

The strategy of the proof of Theorem 2.2.2 is to show the existence of solutions of (2.2.1) in elliptic
gauge of the general form

Yx = 1o + ZAFA COS( \ ) +Pn, g =90+, (2.2.4)

where 1%\ and gy are terms which are higher order in A. To do so, the idea is

e to use the local well posedness result applied to oscillatory data to obtain the existence of a
solution of the form (2.2.4), on a time interval shrinking when A — 0,

e to write a bootstrap argument on the remainder (1%, g») to show the existence of the solution
with this ansatz up to time 1.

If we manage to prove the existence of solutions of the form (2.2.4), Theorem 2.2.2 follows since
we have directly that (gx,¥x) — (go,%0), and moreover

3a1/)/\861/))\
=000 + Z Fa Fg sin (uTA) sin ( ) OauAOpuB + a0 Z FA sin ( ) Opyua +O(N)

A'B

=0a003%0 + = ZFA <1 + cos (21;\ >))8 uaOgua + Z Fa Fgcos (uA:;uB) OauaOpun

A+B

+6(a1,/}ozFASID( )8]3)UA+O(>\)
—0a 10080 + 3 XA: F300uadpua,
so passing to the weak limit in (2.2.1) we obtain that (go, 10) satisfies (2.1.13).

2.2.2 Parametrix construction
Parametrix for the metric coefficients

It turns out that the ansatz (2.2.4) is not precise enough to run our argument. In fact, this can be
seen from the computation of 9,103, above. Let us write schematically the elliptic equations
satisfied by the metric coefficient under the form

Ag = (99)* + |Vg[%
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The equation for gy — go is then

+
A(gxr — g0) ZFAC < > Oualua + Z FaA Fg cos (UA)\uB) OuaOup
A+B

+ (91/)0 Z F'p sin (UTA) Ooua + O()\)
A

In this equation, the O(1) terms have explicit expressions, and can be cancelled by introducing an
approximate solution of the form

5 s S IA (Gun)Oun) cos (52

/\ FA A
Z| |2 (O%o) (3UA)bm< 3 ) (2.2.5)
/\QFAFB (uAiuB)
_ N A TATB g ) (8, Ua=UB )
Bz;e; \V ua Eug) Onua)(Ooun)cos | =5

In order to do so, we need to have |Vua|? and |V (ua +ug)|? to be greater than some positive con-

stant. The first condition is assumed in the theorem. The second one can be assumed additionally
after a rescaling argument explained in Lemma 2.2.3. We can now write

Alg— g0 —g1) = O(N). (2.2.6)

This does not permit to show that the rest g is a term of higher order in A. This has consequences
on the estimates of [y, 1)\ as we see in the next calculations.

Parametrix for the scalar field

We compute:

1 a UA
Ogatox =(Ugx = Do)t — 1 Zg)\ﬂaauAaﬁuAFA cos (7)

_Z 29;38 uAﬁgFA—i—DgquFA)Sln( \ ) +)\ZD9AFACOS( 3 )—i—DgAz/J)\
A

Let us study the term with a factor % We recall that ua satisfies the eikonal equation with respect
to the metric gg. Therefore we can write

1 « 1 « «
Xg)\ﬂaauAaguA = X(%ﬂ — goﬂ)&quaguA =0(1),

where we have used (2.2.6). This is not sufficient to show that ¥y, in the ansatz (2.2.4) is of higher
order in A ! The technique we used in [38] is to write an ansatz for the O(\?) terms in 5. More

precisely we write
UA
= + E /\FACOS( >+ E A FAsm( . )

2 A =(3) . A
+Z>\2F() <)\ )+;)\2F‘g)sm<)\ )+5>\.

(2.2.7)
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where F A, ﬁf) and ﬁs) are carefully chosen to deal with the term

1 af afl . UA
X(QA — 90 )ZA:aauAaﬁuAFACOb (7)

The presence of the oscillating terms in the metric, from the ansatz (2.2.5) leads to the creation of
harmonics. Let us note that the terms of order one in A that oscillate in a non null direction can
be "integrated” with a better behaviour in A, in the same way than for the elliptic equation.

Going back to the metric coefficient, we can check that in the right-hand side of A(gx —go — g1)
the term of order one in A are oscillating at a frequency proportional to A. Consequently, we can
find a high frequency ansatz go, of order A3 such that

A(QA — 90 — 91 — 92) = O()\2>-

We will write g = go + g1 + g2 + g3, where g3 is a remainder whose H? norm is of size A\2. This,
together with (2.2.7) is the final ansatz we take : the rest of the proof is a bootstrap argument on
the remainders £ and g3, together with F for which we have a transport equation that is coupled
with the wave equation for £, and the elliptic equations for gs..

Dealing with the time derivative of the metric coefficients

An important challenge to face is that the 0; derivative of the metric obeys worse estimates compared
to the spatial derivatives. This is because the metric components solve elliptic equations on a spatial
slice, and controlling their 0; derivative requires differentiating the equation. Fortunately, one can
handle the situation using the structure of the Einstein equations! We highlight a few points below:

1. Hidden in the time evolution is the propagation of the maximality of the hypersurfaces. This
allows us to rewrite the 9; derivative of a metric component (more precisely, v, introduced in
Section 2.1) in terms of spatial derivatives of another metric component (precisely, 8, again
introduced in Section 2.1). Hence, such a term is better than expected.

2. Importantly, using in particular the above observation, one shows that the two uncontrollable
O¢-derivative error terms, one involving J;gs3 and one involving afF ‘A (Fa is coupled to g3
via a transport equation) cancel. This apparently magical cancellation can be understood
if instead of considering a parametrix of the form AFa cos (“TA) + \2F 'a Sin (“TA) one uses a

parametrix of the form AFa cos (%), where up + ua is an approximate solution for the

eikonal equation with the metric g. Then one could use Raychhaudury equation to show that
Og(ua + ua) can be controlled by only one derivative of ¢ and g.

3. Another type of error terms is of the form 0;gs multiplied by a low frequency term. Here, one
can control the low frequency term using an integration by parts argument.

Rescaling of the phases and angular separation

At several points in the proof, we use that some terms involving the ua are bounded away from
zero, such as for instance |V(ua + ug)|?. This can be ensured with a well chosen rescaling, using
the following lemma.
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Lemma 2.2.3. Suppose (9,1, Fa,ua) is a solution to (2.1.13) on I x R? for I C R, in the sense
of Theorem 2.1.5. For any set of positive constants {aa}aca € Rl;%l, if we define

Fy = a;}FA7 u's = apUA,
then (g,v, Fa,ul) is also a solution to (2.1.13).

By ordering I, and taking the aa, sufficiently large compared to the aa; for j <4, we can obtain
for instance |V(aaua + agus)|? > 1.

2.3 Construction of high-frequency space-times : from null
dusts to Vlasov

In a work in progress with Jonathan Luk, we construct, in the (2 + 1)-dimensional space [0, 1] x R?
a sequence of solutions (g;,;, w;) of

Oyt + te=* g~ (dw,dw) = 0,
Oy — 49~ (dew, dyp) = 0, (2.3.1)
RMV(g) = 23;#/1@1/) + %e’w@bw@yw

which converges to (go, %o, o), where , (go, Yo, ™o, f(w),u(w)) is a solution of

R, (g) = 20,40,¢ + %e““"@lﬂﬂ&,w + fsl L2t 2, w)0,u(t, z,w)dyu(t, z,w)dm(w),

Ogv + %e*‘w’g*l(dw, dw) =0,

Oy — 49~ (dew, dp) = 0, (2.3.2)
2(g~1)*8Doudsf + (Ogu)f = 0 Vo € S,

(71 Dpudpu = 0, u|{t:0} =7 w, 6‘tu}{t:0} >0, VweSh

where dm(w) is a probability measure on S!. In the sequel, we will note U = (¢, @) and 9,U-95U =
DathOs1p + Te W0 wipw.

Here, in (2.3.2), we have chosen a specific (and somewhat non-standard) parametrization of
the cotangent bundle. Notice that the systems (2.3.1) and (2.3.2) in (2 4 1)-dimensions arise,
respectively, as reductions of the Einstein vacuum equations and the Einstein—massless Vlasov
system in (3 + 1) dimensions under U(1) symmetry.

A rough statement of our theorem is the following

Theorem 2.3.1. Let (go,Uo, f,u) be a sufficiently small and sufficiently regular local-in-time
asymptotically conic solution to (2.3.2) such that

e The initial hypersurface is mazximal;

e The vector field go‘/’)agu(w) is everywhere non zero;
o °POzu(z,t,w)0pu(r,t,w') # 0 for all w # w';

o A genericity condition holds.

Then (go,Upy) can be weakly approzimated by a sequence of solutions (g;,U;) to (2.3.1), i.e., in a
suitable coordinate system (in fact in elliptic gauge); as i — oo, (g;,U;) — (90, Uo) uniformly on
compact sets and the derivatives (9g;, OU;) — (dgo, 0Uo) weakly in L? (for each component).
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The strategy of proof is the following

e First, we approximate the solution (go, Uy, f,u) by a sequence of solutions to Einstein Null
dust (¢™, U™, F},u’).

e Second we approximate (¢", U™, F},u";)) by a one parameter family of solutions to Einstein
vacuum equations (g%, U}). For this part, the proof of [38] has to be adapted to track down
the dependency on n, the number of dusts : we can not assume that e, the size of (go, Uy, f, u),
is small compared to % However, we can, and we will assume that A is small compared to
some other function of n going to zero as n goes to infinity.

2.3.1 Approximation of a Vlasov field by null dusts

It is a well-known fact, for instance by using the Krein—-Milman theorem, that the set of convex
combinations of Dirac measures is weak-* dense in the set of all probability measures. We will use
a particular construction of a weak-* approximating sequence : let m be a probability measure on

St :=R/(27Z). For alln € N, and A =0,1,--- ,n — 1, we can find n separated points wXL) =2

2mn

on S, and n coefficients O’XL) = m([i ﬂ)) (so that O'XL) >0 and ZZ;IO O’XL) = 1) such that

2mtn? 2mn

n—1
S ooy Sm, (2.3.3)
A=0

in the weak-* topology as n tends to infinity. To approach (2.3.2) by n dusts, we consider the initial
data for (2.3.2) (¢, 0y1b, F¥ (w), FZ(w)). We select the n parameters w® and o given by the claim
and solve the coupled system

e 4

R (g9) = 2(0,U,0,U) + X p aa((FR)? + S (FF)?)0,uad,ua,

Oy + %e“wg_l(dw,dw) =0,

Oy — 49~ (dw, dy) = 0,

2(g_l)aﬂaauA85FK + (DguA)FK +e (g7 1)*P0wdsua FF = 0,

29 )P 00unds FF + (Dgua) FT — 4(g~ )P 00wdsunaFy — 4(g~ )P 0apdgua FT = 0,
(gil)aﬁaauAaguA =0.

(2.3.4)
where we have dropped the subscript n and noted ua = u(wa) and FK’W = F¥%(wa). We have
introduced a decomposition of the density. If we note Fz = (F;i)2 + e—:w (FZ)?, we can check that

it satisfies the transport equation

2(g7")* 0aundsFa + (Ogua)Fa = 0.

The importance of this decomposition will become clear in the next section.

We consider solutions with high regularity. Using a compactness argument, we can show the
convergence of a subsequence toward a solution of (2.3.2).
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2.3.2 Parametrix for ¢y and @

In order to approach a solution of (2.3.4) by a solution to Einstein vacuum equations, we show the
existence of solutions to (2.1.2) of the form
uA

Ya =10+ > AoaFy cos (7) +E&% wy=wo+ Y AoaFF cos (UTA) +ET. (2.35)
A A

gx = 9o + G,

where Y%, gy are O(\2).
The construction is similar to the one explained in Section 2.2.2, so we only point out the new
difficulties

e There is already a difficulty to obtain the local existence, on a time interval depending on A,
of an ansatz of the form (2.3.5). We have
uA

oY = Mg + ZUAFK(MA cos (7) + O(N),
A

with > a% = 1. If for instance oa = %, which is the case when m is the uniform measure
N2

on S!, then ||0¢| e is only bounded by eNz. This is a problem to apply the well posedness
result of Theorem 2.1.5, and is why we need to use Theorem 2.1.6 instead. Indeed, we can
show that the L* norm of 0v is of size . To see this, we have to develop the product of
the sum in the L* norm. The diagonal terms are summable, and the non diagonal terms are
oscillating: with an integration by part, one can obtain an additional power of A\, which will
absorb the growth in V.

e More generally, a lot of terms in our construction can only be estimated with large constants
depending on n. We need to track this dependency and adapt the bootstrap with a Gronwall
type of argument : the remaining terms will only be estimated by A\2eA(™*. This is something
possible because the terms involving product of the remainder are not the main terms and
they can be estimated by higher powers of .

e The presence of the right-hand side in the wave equations for ¥ and w leads us to adapt the
construction of our ansatz. A first adaptation is the coupled system satisfied by FK and Fg,
which is needed for the zero order terms to vanish. Similar adaptations are also necessary
at higher order. Importantly, thanks to the null form, no harmonics are created at the first
order.

2.4 Burnett’s conjecture

In [39], we prove Burnett’s conjecture when the metrics admit a U(1) symmetry and obey an elliptic
gauge condition. A rough statement of our theorem is the following

Theorem 2.4.1. Let hy, = (gn, ¥n,wn) be a sequence of solutions of (2.1.2) in elliptic gauge, such
that there exists hg = (go, %o, @o), smooth, also in elliptic gauge, with

1. hy, = hg uniformly on compact sets,
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2. Oh,, — Ohg in LT° with pg > %,

loc

Then T,fff which is the Finstein tensor of hg, has the form of the stress-energy tensor of a massless

v

Vlasov field. In addition if we have
3. for all compact K there exists A, — 0 such that Zi:o =110k (h,, — hO)HL?EC <C

~

then Einstein-Viasov equations are satisfied in the sense of measures.
Let us make some first comments on our theorem.

e The assumptions we imposed in the second part of the theorem are satisfied by the solutions
constructed in [38]. However, they turned out to be unnecessary strong : they have been
subsequently relaxed by Guerra and Teixeira da Costa in [30].

e We have to include the possibility of obtaining only measure solutions to Vlasov equations.
Indeed the effective stress-energy tensor we obtain in [38] corresponds to a sum of null dusts:
this is a Vlasov field where the density is a sum of Dirac measure in frequency space. Also, the
tools we use in the proof of the Theorem 2.4.1 are the microlocal defect measures introduced by
Gérard [26] and Tartar [65] so our result can be then naturally expressed in term of measures.

The following definition gives the precise form of the solution obtained in Theorem 2.4.1.

Definition 2.4.2 (Radially-averaged measure solutions for the restricted Einstein—massless Vlasov
system in U(1) symmetry). Let (Y M, g) be a (4+1)-dimensional C? Lorentzian manifold which
1s U(1) symmetric as in (2.1.1), i.e. the metric takes the form

Wy = e 2Yg 4 e2¥(da® + Aydz®)?,

for g, ¢, A independent of 3. Let dv be a non-negative finite Radon measure on S* M.
We say that ((4)/\/1,(4) g,dv) is a radially-averaged measure solution for the restricted Einstein—
massless Vlasov system in U(1) symmetry if

1. the following equations are satisfied:

Og¢ + 271 g7 (dw, dw) = 0,
Oy — 49~ (dw, dy) = 0, (2.4.1)
JuR(@Y,Y)dVol, = [, [2(Y$)? + Le ¥ (Yw)?] dVoly + [4. (& Y)? fg—";,

for every C2° wvector field Y, where w relates to Ay, via (2.1.3) and where S* M is the cosphere

bundle given by S*M = (T*M\{0})/ ~, where (z,&) ~ (y,n) if and only if v =y and & = \n
for some A > 0;

2. dv is supported on the zero mass shell in the sense that for all f € C.(M),
1o dv
| f@le )t o =0
5 M €]
3. For any C* function @ : T* M — R which is homogeneous of degree 1 in &,

~ ~\ d
/*M ((g—l)(yﬁfﬂawna - ;(8ﬂg_1)(’5£a€68£ua’) é = 0 (242)



2.4. BURNETT’S CONJECTURE 31

Before giving some ideas of the proof, we recall some notions about microlocal defect measures
in Section 2.4.1. Then in Section 2.4.2 we will sketch the proof of the first part of Theorem 2.4.1.
Finally, in Section 2.4.3 we sketch the proof of the second part of Theorem 2.4.1, that is the transport
equation satisfied by the density in the effective stress-energy tensor of the Vlasov field. This is by
far the most delicate part of [39].

2.4.1 Preliminaries on microlocal defect measures

The microlocal defect measure is a measure on the cosphere bundle which identifies the “region
in phase space” for which strong convergence fails. An important property of microlocal defect
measures, especially relevant for our problem, is that microlocal defect measures arising from (ap-
proximate) solutions to hyperbolic equations themselves satisfy some transport equations.

Let {u,} be a sequence of functions Q@ — R, where Q@ C R? is open, which converges weakly
in L2(2) to a function u. In general, after passing to a subsequence, |u,|?> — |u|?> converges to a
non-zero measure. The failure of the convergence |u,|> — |u|? can arise from concentrations or
oscillations. The microlocal defect measure is a tool which captures both the position and the
frequency of this failure of strong convergence.

For instance, if u, = n?x(n(z — o)) (with x € C2°) so that |u,|* concentrates to a delta
measure, then the corresponding microlocal defect measure is given by d,, ® v, where d,, is the
spatial delta measure and v is a uniform measure on the cotangent space. On the other hand,
suppose up(z) = x(x)cos (n(xz-w)) so that u, oscillates in a particular frequency w. Then the
corresponding microlocal defect measure is | X|2dm®5[w], where d[,) is the delta measure concentrated
at the (equivalent class of the) frequency w. See [65] for further discussions.

Before introducing the precise definition of microlocal measures, we need to recall some objects of
pseudo-differential calculus. In the rest of this section, we fix k € N (which will be taken as 3 = 2+1
in next sections). Denote by T*R* the cotangent bundle of R¥ with coordinates (z,¢) € R¥ x R¥.

Definition 2.4.3. 1. For m € Z, define the symbol class

S™i={a: T"RF 5 C:a € C®, Va,B, ICap > 0, 0507 a(x,€)| < Cap(1+ €)™ 171}
2. Given a symbol a € S™, define the operator Op(a) : S(R¥) — S(R¥) by

a)u)(x ':L Tz, Eu
©Ov(ap)@) = oz [ [ (2, €)uty) dy dé.

We say that A = mathrmOp(a) is a pseudo-differential operator of order m with symbol a. If
moreover a(x,§) = aprin(®, §)X (&) + Gerror, Where aprin(z, ) = Aa(x, &) for all A > 0, x(§)
is a cutoff defined by (2.1.2) and aerror € S™m=1 we say that Gprin @5 the principal symbol of
A.

We now turn to the discussion of microlocal defect measures, following [26] (see also [65]). We
first need some preliminary definitions.

Definition 2.4.4. We say that du is a non-negative (N x N )-complez-matriz-valued Radon measure
on S*RF if du is a map dp : Co(S*RF) — CV*N

1. obeying the estimate ||du(e)| < Ckll¢llcx) for every compact set K C S*R* (for some
Ck > 0 depending on K ), and
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2. satisfying du(p) is a positive semi-definite Hermitian matriz whenever ¢ is a non-negative
function.

Definition 2.4.5. Let du be a non-negative (N x N)-complez-matriz-valued Radon measure on
S*RF and ¢ : S*R*¥ — CN*N be a continuous matriz-valued function on S*RF.
Define tr (d(z, &) du) to be the (scalar-valued) Radon measure on S*R¥ given by

(tr (d(2, &) du)) () = tr[d(x, ) - (du(p))]-

Theorem 2.4.6 (Existence of microlocal defect measures, Theorem 1 in [26]). Let {u,}
L2(R*;CN) be a bounded sequence such that u,, — 0 weakly in L?(R*;CN).

Then there exists a subsequence {un, };>5 and a non-negative (N x N)-complez-matriz-valued
Radon measure du on S*R* such that for every CN*N -valued pseudo-differential operator A of
order 0 with principal symbol ¢ € Co(S*RF; CN*N),

lim (Aup,, up, )en do = / tr (d(z, &) dp).

k—+oco Jpk S*Rk

—+oo
1 6

n=

The measure du in Theorem 2.4.6 is called a microlocal defect measure. Following [26], if the
conclusion of Theorem 2.4.6 holds for the whole sequence {u,,};/>], we say that {u,} > is a pure
sequence.

Theorem 2.4.7 (Localization of microlocal defect measures, Corollary 2.2 in [26]). Let {u,} be a

pure sequence of L2(R¥, CN), of microlocal defect measure dy. Let P be an m-th order differential
operator with principal symbol p = Z|a\=m ao (i€)® for some smooth (N x N)-matrices an. If

{Puy}n=1 is relatively compact in H;;"™ (RF,CN), then
pdu =0.

2.4.2 The form of the effective stress-energy tensor

In this section, we sketch the proof of the first part of Theorem 2.4.1. Let h,, = (gn, ¥n, @) be a
sequence of solutions of (2.1.2) in elliptic gauge which satisfies the conditions 1 and 2 of the theorem.
By multiplying the sequence by some cut-off functions x, we reduce the problem to compact sets.
The sequences x (¢, — %) and x(ww, — wp) are such that

X (¥n —10)) =0, I(x(wn —wo)) =0,
weakly in L?(R2*1). Therefore we can apply Theorem 2.4.6 and obtain the existence of Radon mea-
sures doiﬁ, dogs and dogg™ on S*R2*! such that for any zeroth order (scalar) pseudo-differential

operators {A*?}, 5412 with principal symbols {a®?}, g—¢ 1.2, the following holds up to a subse-
quence (which we do not relabel):

i [ Ol — o) A0 — o)) Vol = [ a ol

n—o0 Jr2+1 S*R2+1
im [ Ol — m0) A0 — o)) AVoly, = [ o,
n—o0 Jr2+1 S*R2+1

lim [ 0a(x(¥n — $0)) A% 05 (x(@n — m0)) dVoly, = / a*® doties,
n—00 fpat1 ) S*R2+1

Jim O (x(@n — 0)) AP0 (x (¥ — th0)) dVol,, = / 0 (do®o)7 .
n—o0 Jp2+1 S*R2+1



2.4. BURNETT’S CONJECTURE 33

where * denotes the Hermitian conjugate. Moreover, dai’ﬁ and do7; are non-negative in the sense
of Definition 2.4.4, and dogg™ = doj;™. Since the presence of the cut-off function does not create
real difficulties, we drop it in the rest of this presentation.

Using the fact that we are considering the microlocal defect measures associated to a sequence
of derivatives, we have a specific form for da;pﬂ and dogy (something similar could be obtain for
dogg® but we do not need it in [39].)

Proposition 2.4.8 (Microlocal defect measures are effectively given by dv¥ and dv®). There erist
non-negative Radon measures dv¥, dv® on S*R*T! such that

v gagﬁ ) o gagﬂ w
daaﬁ = e dv?, dogg = €2 dv®,

where |£]? 1= Zi:o |€ul?.

We are now ready to pass to the weak limit in (2.1.2). In the wave-map system

ngﬂ/}n + %674w"971(dwn7dwn) =0,
Oy, @n — 49, (dw,,, dy,) = 0,

the term in divergence form and the null forms pass to the weak limit, the system satisfied by
(100, @) is the same. Let us now consider the equation

1
Ricas(gn) = 20atn0ptn + 56—4wnaawnaﬁwn. (2.4.3)

The left hand side converges weakly to Ricag(go). To see this, we refer to the expression of the
Ricci tensor in elliptic gauge, given by (2.1.7) to (2.1.12). The quadratic terms are of the form H?,
where H is the second fundamental form, or VAV N. It turns out that the quantities H and ~ have
additional properties: they satisfy both an elliptic equation, whose right-hand side, of the form
(Ohy,,)? is bounded in LPTO, and an equation involving d;. This allows to show that H,, and V~, are
bouded in Wh's" (R3*+1), which compactly embeds in L? with our choice of py > %. Consequently
H, and Vv, have strong L? limits. The factor VN,, is only bounded in L?, but it is sufficient to
show the weak convergence of Vv, VN,,.

The weak limit of the right-hand side of (2.4.3) can be expressed in term of the microlocal defect
measures associated to ¥, and w,. Let

1
dv = 2dv? + 56_4% dv®. (2.4.4)

Then the limiting metric go satisfies, for every vector field Y € C°(92).

(2(1/%)2 + %e—‘lwv (YwO)Z) dVoly, + / (Ye¢,)? dv.
S

*R2+1

/ Ric(go)(Y,Y) dVoly, = /
R2+1

R2+1

The fact that the measure dv is supported on the set {(x,£) € S*M : g5 *(€,€) = 0} can easily
be obtained from Theorem 2.4.7 and the fact that Oy, (¢, — 1) and Oy, (w,, — @) are compact in
H1
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2.4.3 The transport equation for the effective density

Microlocal measures arising from solutions to linear equations satisfy the massless Vlasov equation
(see for instance [24]). In the case of a wave equation on Minkowski O¢,, = f,,, where ¢, — 0
in L? and f, is compact in H', this can be seen by an easy computation of a commutator. For a
pseudo differential operator A of order 0, with real principal symbol, we note

I = ([A, 801, 0sbn) — ([A, 0i)6" 0; ¢, Osbn) + ([A, 04]6" 0ipna, Db} — ([A, 03)6" Byora, D).
On one side, we have
d
L2 [ (ot §gdsa) o
SR+ €]

as n — oo, where dv is the defect measure associated to ¢ following the same steps as in the
previous section. By replacing a by %, where a is of order 1, we obtain the left-hand side of (2.4.2)
in the particular case where g is the Minkowski metric. The quantity I,, can be also calculated by
integration by parts. We have

In = <AD¢na 6t¢n> + <Aat¢n7 D¢n> (245)

In the case where f,, is compact in L?, we obtain an homogeneous transport equation for dy.

g d
2 [ (cada+dien)
s €

Their are a few difficulties to adapting this to the present problem which are described in the next
paragraphs.

=0.

Trilinear compensated compactness for three waves

The right hand side of the equations for v,, and tw,, are not compact in L2. However, they have a
special structure which can be used to obtain trilinear compactness (see also [25] and [45]). Let us

explain the phenomena without geometric setting. We consider three sequences of functions ¢>£Z ),
with ¢ = 1..3 which are such that

ixﬁua‘w“m S 060z~ S 1,
k=0
with A, — 0 as n — co. We claim that we have for any pseudo-differential operator A of order 0,
(@i 00 — Vo) Vo), 06() — 0.
To see this we note that
200100 — V) VD) = DO(6M o) — 6M0g) — ¢ T
Consequently, we can compute
(A@:8 V00D — Vol Vo), 00)) =(AD($V D), 0:6Y)) + O(An)

=— (A0 (¢ ?),06P) + O(An)
=0(\n)

This finishes the proof of the claim.
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Elliptic-wave trilinear compensated compactness.

What has been described above can be adapted in a geometrical setting. However there are extra
difficulties when the metric depends on the solution : we have to analyse the behaviour of trilinear
terms of the form

<A(a(gn - 90)877[]71)7 8twn>
If the term Jg,, is a spacial derivative, it can be handled since the metric coefficients satisfy elliptic

1
equations. We have in fact |V(gn — g0)|lL < A2. On the contrary, a term involving 9;g,, could
lead to defect of compactness if it had no additional structure. Fortunately, the terms we consider
have an additional structure. This structure comes

e cither from the fact that a particular metric coefficient is involved (see Section 2.1 for the
definitions of t), such as ~,, for which we have an additional equation involving a 9; derivative

1
(see Section 2.1 for the definitions): in this case ||0:(vn — v0)||ne < AZ;
e cither from the commutator structure.

A term of the form 9;N,, (see Section 2.1 for the definition of NV,), does not appear in the wave
equation. However we have some terms of the following form to study, in which we will use the
commutator structure:

In = <[A’Nn - N0]7 A¢n7 at'l/]n>

where NN, is one of the metric coefficients. We can assume that A is simply a Fourier multiplier
with symbol a(z,£) = m(£) independent of . This indeed captures the main difficulty. In this
case, since ¢,, is real-valued, we can also assume that m is even. Under these assumptions, we use
Plancherel equality to rewrite

L= [ O (5, — N AR — AN, — )]}
R2+1

; . . - (2.4.6)

=3 / (&elmil® + mel&il*) (N — No) (1 = €)tbn (=)t (€) (m(€) — m (1)) A€ d,
R2+1 xR2+1

where we decomposed £ and 7 into their time and spatial parts: £ = (&,&;),n = (e, ;).
Roughly speaking (&]n;|* + n:|&:|?) corresponds to three derivatives, and hence contributes to

O(\,,?) in size. This is just enough to show that I,, is bounded. To deduce that I,, actually tends

to 0, observe

e our main enemy is when N,, — Ny has high-frequency in ¢, i.e. |, — &]| is large (since we have
better estimates for spatial derivatives of INV,,.

e we can gain with factors of & —; (corresponding to spatial derivatives of N,, — Ny) or £2 —|&;|?
or 7 — |n;|? (corresponding to O, acting on ).

Now the Fourier multiplier in [,, can be written as
Eelmil? + mel&l® = me (& + na) (& — mi) + il * (€ + me).-

The first term contains a factor of (£ — 7;) which as mentioned above corresponds to a spatial
derivative of N,, and behaves better. For the second term, we rewrite

2 .2 2 2 2 9

2 2§ — i 26 — &l o |mil* = n; o (& +mi) - (& — i)
i + =" ="+ +m .
mil* (& +ne) = nil R 7l & |7l A I r—
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When & — 7, is large, we can make use of the gain in &2 — |2, |n;|? — n? or (& — 1;) to conclude
that this term behaves better than expected.

The wave map structure

In the wave equation satisfied by ,, — 1o we have linear terms of the form
™0 gy (d(wn — o), damo)
and in the equation for w, — wy,

—2g5 H(d(wy — @0), dibo) — 295 ' (dwo, d(¥n — o))

To obtain the transport equation for dv¥ and dv® we have to pass to the limit in expressions of
the form (2.4.5). Therefore, these linear terms induce a contribution in the transport equations:
for instance

(A(e™*°gy H(d(wy — @0), dwy)), Bybn) — /a(m,5)6*4%9365550(10}32“5-

It turns out that these contributions cancel when one considers the transport equation for the
measure dv defined by (2.4.4). The same phenomena was observed in the construction of Section
2.3.

2.5 Perspectives

A first natural perspective is of course to remove the U(1) symmetry assumption. In [58], Luk
and Rodnianski worked without symmetry, but in a double null gauge and for solutions which
are regular in the angular directions. This setting is adapted to the study of two high-frequency
waves propagating in orthogonal directions but cannot be used in more general cases. To study the
interaction of more than two oscillating waves, a study in wave coordinates seems more adapted.
In his thesis, Arthur Touati has initiated the construction of a high frequency wave propagating
in one direction, in a setting which should allow to study the superposition of several waves. The
structure of Einstein equations in wave coordinates seems also well adapted to the study of Burnett’s
conjecture itself.

Another perspective is to consider high-frequency limits in the case of non vacuum Einstein
equations, and in particular for Euler-Einstein equations. This is of particular interest since it is a
model actually considered in cosmology, and used for instance in [21].



Chapter 3

Einstein equations on product
spaces with compact directions

The idea of considering space-times in more than 4 dimensions comes from the work of Kaluza in
1921 [46] and Klein in 1926 [54]. They consider a 5 dimensional Lorentzian manifolds (M xU(1), g),
symmetric in the U(1) direction. Such a metric g can be decomposed in the following way :

©lg = gagdz®da® + ®(dy + Andz®)?.

Einstein vacuum equations (S)R,“, = 0 then imply Einstein Maxwell scalar field equations on M
for g = (D%g’ Faﬁ = 804146 — 8[3140” f = 111(@)

Rap = YF3" Fop — LgapFo FM 4 60° f, f
Daaaf = 7%aafaaf + %FaﬁFaﬂ (301)
Da(62fFa[5’) —=0.

This symmetry reduction is similar to the U(1) symmetry in 3+ 1 dimension, presented in Chapter
2. The theory has been later extended by Kerner (1968) [47] to non Abelian isometry groups. If
(M, g) is a 4 + d dimensional Lorentzian manifold, invariant under the action of a compact Lie
group G then Einstein vacuum equations in 4 + d dimensions yield Einstein-Yang-Mills equations
in 4 dimensions (see also Appendix 8 in [11] for the calculations). The introduction of additional
compact directions is now present in many modern Physics theories such as supersymmetry and
supergravity [9].

If we think that Einstein vacuum equation on (M x K), with M a 3 + 1 dimensional manifold
and K a compact manifold, is an interesting model, then it is important to understand the effect
of relaxing the symmetry assumption with respect to variables in K (see for instance [4]). Let us
consider the simpler case R3*! x U! with ¢ = —dt? + dz? + R?dy?, and the equation g0 =0. A
Fourier series expansion of ¢ with respect to U(1), ¢ = > ¢, yields the equations

/452
Uta @k — ﬁm =0.

A physical assumption is that R is very small (smaller than Planck length). Then the non zero
modes ¢y, are of very high energy, inaccessible to observations.

37
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Mathematically, the question remains to study the effect of additional compact directions in the
dynamics. In term of stability, let us briefly describe two results

e In [67], Wyatt proved the stability of Kaluza Klein spacetimes where only perturbations
depending on the non-compact coordinates are considered, using tools developed by Lindblad
and Rodninaski [57]. In other words, she proves the stability of the trivial solution (g, F, ®) =
(m,0,0), where m is the Minkowski metric for the system (3.0.1).

e In [2], Andersson, Blue, Wyatt, and Yau studied more general spacetimes with supersymmetric
compactifications M = R'T" x K. The space-times M are equipped with the metric

f] = Nri+n + k

where 7g1+» is the Minkowski metric in R'*” and k is such that (K, k) is a compact Ricci-flat
Riemannian manifold. A global stability result is proved under the assumption n > 9 and for
Cauchy data that are Schwarzschild outside a compact domain.

In this chapter, I will present two results on this topic. The first one concerns the constraint
equations for Einstein equations posed on R'*” x T?. This is a fundamental ingredient in order to
apply Choquet-Bruhat theorem and show the local well-posedness for Einstein equations on product
spaces. The result, presented in Section 3.1 is a joint work with Caterina Valcu. The second result
concerns a toy model for the stability of the trivial solution ¢ = m+dy? on R3t! x S, which is just
Minkowski solution on R**! compactified in one direction. This is a joint work with Annalaura
Stingo, and the object of Section 3.2.

3.1 Constraint equations on product space

In [41], we address the resolution of the constraints for Einstein equations on the product manifold
R!'*7 x T™. We denote by d = n+m the total dimension of the initial hypersurface M = R™ x T™,
and 2% = d%dQ. We recall from Section 1.2 that the initial data (3, g, K) for Einstein equations can
not be chosen arbitrarily and have to solve the so called constraint equations. Using the conformal

change § = ¢* ~2g, ¢ > 0, these equations take the form
4(d - 1) d=1 5 oy y | U+ LW
2 A 0+ R o=———"T7% %g
d—2 7Y g d 2l

g1 (3.1.1)
— — .
AW = ——¢* dr

d
where 7 = trgf( , U is a symmetric 2-tensor, and we have denoted £, the conformal Killing operator
2

(‘CQW);W = v/_LWI/ + VI/WH — d

divgWg;j, Vp,veld
~ . .
and A, the vectorial conformal Laplacian

2 —
(X, W) =-v, <V“W” + VYW - dngkw’“> . Vuveld

where V is the Levi-Civitta connection associated to g.
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3.1.1 Weighted Sobolev spaces

Before stating our result on the resolution of (3.1.1), we introduce functional spaces. In [60], Mc
Owen showed that the Laplacian on R™ had good invertibility properties on the weighted spaces

W7 ;(R™) defined by
1 oy = 2 / 08 1P ()18 g

0<|B|<s
We introduce new weighted Sobolev spaces, adapted to the behaviour of the Laplacian on

R™ x T™
n m
- Z 8; o Z 3gj
P =

where (7;);c77; are the coordinates of R™ and (0;),c15; are the coordinates of T™.

This behaviour can be guessed by doing a Fourier expansion in the compact directions of a
solution to Au = f : the zero mode satisfy the equation A,ug = fy, and the non zero mode satisfy
an equation of the form Ajur + mpugr = fi, with my > 0, depending on the mode. Therefore, we
see that for the non zero modes, the standard weighted Sobolev spaces in which the more derivative
you take, the more decay you get, are not adapted. In [41] we introduce the following definition.

Definition 3.1.1. The weighted Sobolev space W ,Y(R" x T™) is the completion of the space C§°
of compactly supported smooth functions for the norm

||uH€VSp5 (RnxTm) = Z / |8f3u|17 p(5+|5\)dx_|_ Z / ) ‘350 — @)|P(z)P7 dzdo),
10,7 n o Tm

0<|B|<s 0<|B|<s
where u(x) = W Jpm u(,0) dO is the average on T™ for a fized x and (x) = \/1+ |x|?. Here,
1<p< o andd,veR.

These weighted Sobolev spaces enjoy product and embedding properties, described in our paper
[41].

3.1.2 Main result

Our result on the resolution of the constraint equations on product spaces is the following

Theorem 3.1.2. Let p be such that “Tm < 1. Let g be a metric on M = R"™ x T™ such that

9ij — Gij € W§U7A(M), with ¢ the flat metric ( = dx? 4+ df?. We assume the following conditions

on o, A
n—+m

—ﬁ<a and 2 — <A\
p

Let T € Wf

S+1,7 U a vector field in W1p5+1 . and Ry € W§5+2 . bounded, non negative, with

0<7, —E<5<—§+n—2, §+5+2<2%
P P P

together with the coupling conditions

04+2< v+ A 7<E+6+/\.

If |ldT||weg 5.0, <€ with e >0 sufficiently small, there exists a solution (@, W) to (3.1.1), with

p=A+u, uEW27§;,A>0 g0>0andW€W2757 a vector field.
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Comments on Theorem 3.1.2

e The main novelty of our work is actually the study of the linear operators A, and Kg on
the product spaces. The study of the constraint equations in themselves follow then with the
methods developed in the asymptotically euclidean case (see for instance [13]). In particular,
we believe that our result still holds for a variety of matter sources.

e We wrote our theorem on manifolds diffeomorphic to R™ x T"™, with one chart and one end,
but it can be generalized to asymptotically flat manifolds with several ends, as in the asymp-
totically euclidean case.

e It would be interesting to generalize our result to R” x K with K any compact manifold.

In the rest of this section, we will only focus on the inversion of elliptic operators on the product
space.

3.1.3 Elliptic theory on the product manifold

In order to construct solutions of the constraint equations, we must ﬁric) understand the behaviour
of the Laplace-Beltrami operator A, and of the conformal Laplacian A, on the weighted Sobolev
spaces we have defined in M = R™ x T™. We begin by looking at a wider class of operators.

Definition 3.1.3. Let P be a homogeneous self-adjoint second order elliptic operator with constant
coefficient, acting on scalar functions or on vector fields of M = R™ x T™. We write

P(u)= Y BV
|a]=2

where the B(®) are either scalars or matrices. For a vectorial operator, the ellipticity condition
means that for all £ € R*™ with € # 0, v — > laj=2 2B (v) is an ismorphism on R"*™. Let
s > 2. We say that a second order elliptic operator L is asymptotic to P in W? | if

L(u) = Z a( MV
la|<2
with
o for|a|=1,a® — B® ¢ Wooxs

o for|a| <1, al® € Wf+\l|f2,a+|l\,>\'

IIf Py is an operator in R™, we define similarly the notion of being asymptotic to Py in Wﬁg.
These operators verify a series of properties described below.

Theorem 3.1.4. Let P be a second order homogeneous elliptic self-adjoint operator, acting on
functions or vector fields of R™ x T™ with constant coefficients, and L be a second order elliptic

operator asymptotic to P in W{Uﬂ with ”J;m <2,0> —% and A > 0. Let §,~ be such that

§+2<y+ A 7<g+5+x

Then:
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TP p ; :
o : W275,'v — WO,5+2,’y 18 a continuous map,

o If—6— % ¢ N then L : W;&,'y — Wé),5+2,v has finite dimensional kernel and closed range, and
there exists C and R such that for all u € Wfé .

lullwe,, <€ (ILullw

0,6+2,v

+ 1@l 25 ) - (3.1.2)
_>
In the particular case of A, or A,, we prove that with sufficient decay, the operators are
isomorphisms.
Theorem 3.1.5. Let g € WY . In addition to the hypothesis of Theorem 3.1.4, we assume

n—+m <9

v >0, —g<5<—g+n—2, A+

-
Let h € W({H?w be a non negative bounded function. Then A, + h and Ay are isomorphisms
WQP(H(R” x T") — W(§76+2 W(R” x T™). Moreover, we have

lllwg, < CliLulwg,,, -

with L being Ay + h or A_;.

Some ideas of the proof of Theorem 3.1.4

The proof of Theorem 3.1.4 is done in two steps. The first one is to prove it for P, a homogeneous
self-adjoint elliptic operator with constant coefficients. The second one consists in extending the
properties proved for P to elliptic operators which are asymptotic to P : this second step is in fact
very similar to what is done in asymptotically euclidean manifold (see [5]).

A key estimate in the first step is given by the following proposition.

Proposition 3.1.6. Let 7,0 € R, and u € W3 ; (R" x T™), f € Wy
P(u—1u) = f — f then

512, (R? X T™) such that

hu=Tlwe, < 0f=Fllwz,,, -
In particular, P(u—u) = 0 implies u —u = 0.
The proof of this proposition relies on harmonic analysis. For the analysis of the zero mode, we

use the corresponding results on asymptotically euclidean manifolds (see Appendix 2 of [11] and
Theorem 1.10 in [5]).

Some ideas of the proof of Theorem 3.1.5

To prove Theorem 3.1.5, the key point is to prove that the operators A, and Xg are injective on
the considered weighted Sobolev spaces. For A, this follows easily by using the maximum principle.
On the other side, the Kernel of Zg is given by the conformal Killing fields vanishing at infinity :
we prove that this set is empty on (R™ x T™, g) with g asymptotic to the flat metric with sufficient
decay rates, following the proof of [59] in the asymptotically euclidean case.
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3.2 Global existence for a system of quasilinear equations
on a product space

In [40], we address the problem of global existence of small solutions to a certain class of quasilinear
systems of wave equations on the product space R!*3 x S!. Here the choice of a one dimensional
compact direction is done for sake of simplicity, but our result can be adapted without difficulties
to R'™3 x T?. It would only require working in Sobolev spaces of higher regularity.

The system under consideration has the following form

Doy +udyu =Ygy N wows) 0 givs g (3.2.1)
Op v 4 udpv = D o1<ij<o No (i, wy)

with initial conditions set at time tg = 2

(u,0)(2,2,9) = (Do, Yo)(2,y),  (Gru, Or0) (2,2, y) = (61, ¢1)(2,y). (3.2.2)

We remark here that our choice to set the initial data at time tg = 2 over the conventional ¢ty = 0
is more convenient for our computations and comes at no expense as the system (3.2.1) is invariant
under time translations.

In the system (3.2.1), Oy,y = —07 + A, + 0, denotes the D’Alembertian operator in the (¢,z,y)
variables where ¢ € R is the time coordinate, x = (x1,x2,x3) € R3 are the Cartesian coordinates
and y € S! is the periodic coordinate. The nonlinearities N7 (-, -), N5 (-, -) are linear combination
of the following quadratic null forms:

Qo(9,v) = 0t Opp — Voo - Vaip
Qij(P,1)) = 03¢ 050 — 030 Dyp 1<i<j<3 (3.2.3)
Qoi(¢,¢) = 0rp 00p — 0 Opp 1<i<3

where 0; denotes the derivative 9, in the jth direction for j = 1,3, and W = (w1, wz)(u,v). With
this notation, we will write the system (3.2.1) under the form

Opy W + ud;W = N(W,W).

The main result we present in this paper asserts the global existence of solutions to (3.2.1) when the
initial data are small and localized real functions. Our result also extends to semilinear interactions
of the form dyw; - Oyw; with d, being any of the derivatives in the (¢, z,y)-variables.

We see this problem as a toy model for Einstein equations in the following way. We recall that
Einstein equations in wave coordinates can be written

Ogguw = Puu(9)(9g, 0g), (3.2.4)

where P,,(g)(dg,0g) are quadratic forms. These forms do not have the null structure, but the
weak null structure (see [57]). Also, the structure of the quasilinear terms can be seen by using in
addition the wave coordinate condition. Thanks to these observations, the stability of Minkowski
in R'*3 in wave coordinate has been proved by Lindblad and Rodinianski in [57], and by Le Floch
and Ma in the presence of a Klein-Gordon field in [55]. Our toy model consists in keeping in (3.2.4)
only the semi linear terms with the null structure, and the quasilinear term gyyﬁjgw, where y
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is the coordinate on S', which can be studied without using additional structure from the wave
coordinate condition.

As noted in the introduction, after a Fourier expansion of our solution W in the periodic variable
y, we obtain an infinite system of coupled Klein-Gordon equation, with a wave equation for the
zero mode. Therefore, our analysis is inspired from many works

e on the wave equation: Alinhac [1], Klainerman [49],
e on Klein-Gordon equation: Klainerman [48],

e on wave-Klein Gordon systems: Dong-Wyatt [20], Klainerman-Wang-Yang [53], Ionescu-
Pausader [42].

Let us mention also that wave equations on product spaces also appear in other contexts,
for instance when studying the propagation of waves along infinite homogeneous waveguides. In
particular, other global existence results for small data on product spaces have been done in [61,
62, 22].

3.2.1 The main result

In order to describe the initial data considered for our problem we introduce the energy space H°
endowed with the norm

2
Nl oD =l + luellZz, + NolBs, + loell3s,

and the higher order energy spaces H" for n > 1 endowed with the norm

Iult], ofD) 3 = 3 (|02, ult], 92,01 ,0

la|<n

where we use the following notation for the Cauchy data in (3.2.2) at time ¢:

(uft], vft]) = (w(t), ui(t), v(t), ve(t))-

The global well-posedness result that is the object of this paper is proved under some decay as-
sumptions on the initial data. A premilinary version of our main theorem states the following

Theorem 3.2.1. Assume the initial data (u[2],v[2]) for (3.2.1) satisfy
5 »
> H<x>’“+Ta’;y<u[21,v[ﬂ)HHO <e<l,

for some positive fired o and (x) = /1 + |x|2. Then the system (3.2.1) is globally well-posed in the
space H?.
3.2.2 Overview of the proof

The proof of Theorem 3.2.1 relies on the vector field method. First, we look for the vector fields
commuting with the wave operator [J; , , on R3*! x S': they are
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e the translations 0, 0., Oy,
e the rotations and the boosts of R3+! : Qi = 2,05 — x;0;, Qo; = t0; + x;0;.

We denote by Z these commuting vector fields. Unlike in R!'*3, the wave operator does not
commute with the scaling vector field S = t0; + 70,.. In fact, our system admit the same collection
of commuting vector field than a Klein-Gordon equation.

The general strategy to show global well-posedness with the vector field method is the following.
First we assume that up to a time 7' > 0, we have [|[0Z/W|| 2 , < 2C¢, for a determined number
of vector fields Z, belonging to the set of commuting vector fields: this is called the bootstrap
assumption. Then thanks to a Klainerman-Sobolev inequality, we recover pointwise decay for the
solution. It remains to improve the bootstrap assumptions on [0,7] by performing an energy
estimate, which concludes the proof of global existence.

This method has of course to be adapted. First, we are not able to propagate uniform estimates
in H° and so we have to allow a small growth in t” with p <« 1. More importantly, applying
Klainerman-Sobolev estimate is an issue here, since the standard version involves the scaling vector
field. This problem has been overcome already for Klein-Gordon equations, for compactly supported
data, by using a Klainerman-Sobolev on hyperboloids, whose proof can be found in [55].

Lemma 3.2.2. Let f = f(t,z) be a sufficiently reqular function in the interior region t > |x|. For
all (t,x) in this region, let s = \/t?> — |z|? and B(x,t/3) be the ball centered at x with radius t/3.
Then

2
feoP<cet Y [ |z/E TR
yi<2 7 B@H/3)

where C' is a positive universal constant and the vector fields Z are taken in the set of Qqg; for
1=1,2,3.

In the region ¢ < |z| we have to use an other approach, based on weighted estimates. We will
describe briefly the strategy in the exterior in Section 3.2.3., and in the interior in the Section 3.2.4.

3.2.3 Strategy in the exterior

We foliate the exterior region D = {(¢,z,y), |z| > ¢t — 1} by constant time slices ¥¢*
Y o={reR®: |z| >t -1} xS,

and use weighted energy estimates, described in the following lemma, which can be proved simply
by multiplying the wave equation by (2 + r — t)17*9,W, with » = ||, and integrating over D°X.
We use the notation

3
OW | = [0,W [ + VW + [0,W]*, [TW[>=>"

i=1

W + %atw .
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Lemma 3.2.3. We have the following estimate, for a solution to the equation i, W = F,
t
/ 2+ 7 — £+ OW [2dady + / / @2+ 1 — )2 (|TW] + |0, W[2)dzdyds
new 2 Jye
+ / 2+r—t)*T (|[TW]? +19,W|?) dodyds
Ciz,1
t
< / e oW 2dady +/ / (2 + 7 — )| FO,W|dxdyds

where Cla 4 is the null boundary of D and do is the area element of the sphere S2.

We see with this lemma that the use of weighted energy yields additional integrated estimates
for derivatives tangential to the outgoing null cones, 7w and dyu. This is a fundamental ingredient
for the global existence in the exterior. The other main ingredients are the following Klainerman-
Sobolev type inequalities

Lemma 3.2.4. Let § € R. For any sufficiently smooth function w we have

2+7r—t)rHw(t, z,y)|? < / (2 +7r—t)PT0,25%w)* + (2 +r — t)PH(Z2=2w)? dzdy.
sew

and also

@41 — 02wtz ) < /

2+7r—1t)” ((GTZSQU))2 + (Zﬁzw)z)dacdy.
nge

where we denote Z=<? for ZMSQ Z7.

3.2.4 Strategy in the interior

In the interior, the strategy based only on energy estimates and Klainerman-Sobolev inequality on
hyperboloids is not sufficient to close the argument. We need to introduce the following decompo-
sition
W =Wy +W, Wy = W (t,z,y)dy. (3.2.5)
Sl

We note that W, satisfies a wave equation on R!*+3

O . Wo = / (N(W, W) — ud;W)dy.
Sl

3.2.5 Specific estimates for W,

This decomposition permits to point out one of the main difficulties in the analysis, which is
the quasilinear term uoagw. Indeed, the energy estimate for the wave component only involves
derivatives of Wy, and as a consequence, Klainerman-Sobolev inequality only yields a pointwise
estimate for Ouy. However, since W, satisfies a wave equation on R3, we can use well-known
tools to obtain additional informations on ZWj for any commuting vector field Z.
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The first one is the use of the conformal energy. This is obtained by multiplying the wave
equation by Ku, where K is the Morawetz vector field

K = (t* +1r%)0; + 2rt0,,

and integrating over the domain. More precisely, we have the following estimate on constant time
foliation.

Lemma 3.2.5. We have the following estimate, for a solution to the equation O; Wy = Fy
t
BS(t W)t S B2 W)+ [ (s + 1) F(s,) 2,
2

where the conformal energy is defined by

3
E‘c(t7 Wo) = / |8W0 + 2Wo|2 + Z |QOiWO|2dl‘.
i=0
We see with the expression of the conformal energy that we can have directly a control on
Q0iWy. Moreover, a similar estimate can be obtained on hyperboloids.

Remark 3.2.6. There is a small complication with the use of the conformal energy, which is that
contrary to the standard energy for which we are able to prove uniform boundedness in the exterior,
the conformal energy has a logarithmic growth. Because of that, we can not consider an initial value
problem posed on the hyperboloid Hy : the conformal energy on it is not defined. We overcome this
difficulty by cutting our hyperboloids Hs at time t ~ s, the remaining portion being handled as the
exterior region estimates.

The second tool we use are the L — L estimates, due to Alinhac [1], and which can also be
found in [55].

Lemma 3.2.7. Let Wy be the solution to Uy, Wy = Fy with zero initial data and suppose that Fj
is spatially compactly supported satisfying the following pointwise bound

|[Fo(t,2)| < CE277( — |af) 71"

for some positive constant C. Then

C o
[Wo(t,2)| < ﬁ(t — fa)r et
With this lemma, we see that in order to obtain a sharp % bound for Wy, we need a sharp bound
for W. This is explained in the next subsection.

3.2.6 Specific estimates for W

Since the components ZW, have at most decay in %, and because of the presence of the term uo(’);w
in the equation, the energy for Z/W, with |I| > 1 may have a logarithmic growth in time. As a
consequence, the estimates obtained via the Klainerman-Sobolev inequalities have also a logarithmic
growth, which, once injected in Lemma 3.2.7 yield uncontrolled growth. This issue has already been
seen, and overcome in [20]. The strategy relies on the use of sharp pointwise estimates for solutions
to Klein-Gordon equation with varying mass. We state here a version which is adapted to our
problem on R'*3 x St,
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Proposition 3.2.8. Assume that W is a solution of the following equation
O,y W +uA,W =F, (t,r,y) € R*T3 x St (3.2.6)

such that [ Wdy = 0. For every fized (t,x) in the cone C = {t > r}, let s = Vt2 —r% and
Yiz, Aiz, B be the functions defined as follows

3 2
Y2A(A) = /S A ‘2WA + (SW)a| + A (1+uy)|0,W,|* dy, (3.2.7)
1
Az (X) == sup | (Su)x| + sup |Oyux], (3.2.8)
Sl 2)\ Sl
Bi(A) = [ ATH(RW)A[? dy, (3.2.9)

Sl
where f(ta.y) = £ (2£,22,y) and

L S 3 o
RW (t,z,y) = s20'O;W + 227 0,0;,W + ZW + 320, W — §°F.
Then W satisfies the following inequality in the interior region

H(IWlaz) + 10, Wilaen) + 54 15Wlizen S (Y@ + [ B ) efi 40192,
2

3.3 Perspectives

The next step in the study of Einstein equation with compact directions is the nonlinear stability
of the solution (R3*! x T4 ¢) with ¢ = m + dz?, where m is the Minkowski metric on R3*! and
dz? is the flat metric on the torus. For this, the work of LeFloch and Ma [55] on Einstein-Klein
Gordon equations could be a good reference on how to deal with the weak null structure.

Another interesting question could be the study of a similar problem near Schwarzschild solution.
Then one should face two major difficulties: the fact that Klein Gordon equation on a Schwarzschild
black-hole is not fully understood, and the Gregory-Laflamme instability of the Schwarzschild black
string (see for instance [17]), which is a solution to Einstein vacuum equation given by

2 2m\ !
g=— (1 — ;n) dt* + (1 — ?) dr? + r’do® 4 dz*.
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