Wave equations and general relativity

Cécile Huneau

March 8, 2024






Chapter 1

Introduction

General relativity is a theory of gravitation, introduced by Einstein in 1915, which relies on deep
mathematical concepts. To have a first flavour, we will make a parallel with electromagnetism.

1.1 Electromagnetism
Before the ninetieth century, the electrical and magnetic forces where thought to be independent

phenomena. The Coulomb law of electrostatics says that the force Fap applied by a charge g4,
situated at a point A, on a charge ¢p, situated at a point B, is given by

dAqB
Fip = u
dregr?

where r = |AB| and u = @. Poisson expressed later this law in term of an electric potential V,
created by a density of charge p. The electric force which acts on the point charge (B, ¢p) is then
—qpVV where V satisfies the Poisson equation

AV =L

€o

This equation was then completed by three others, to obtain the full set of Maxwell equations which
describe the classical theory of electromagnetism

0B
VAE= T Faraday’s law,
. OF .
VAB=ppj+ MOEOE Ampere-Maxwell’s law,
V.E = £ Coulomb’s law,
€0
V.B=0 Gauss’s law.

From these equations, one can show that £ and B satisfy wave equations
0?F — *AE =0,
;B — *AB =0.
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The electromagnetic waves propagate with a speed ¢, which is a constant independent of the choice
of inertial frame. This fact was a contradiction with Newtonian mechanics, and led to the theory
of special relativity, formulated by Einstein in 1905. In this theory, space and time are described
by Minkowski space-time : this is R* equipped with a quadratic form

m = —c2dt* + (dz')? + (da®)? + (da®)?.

In Minkowski space-time, which is a particular example of Lorentzian manifold, the causal future
of a point, which is the set of points which can be reached without going faster than the speed of
light, is a cone.

1.2 Gravitation

Before general relativity, gravitation was modelled by Newton’s law. A point mass (A, m4) acts on
a point mass (B, mp) through the force

Gmamp
Fap = ——"4"2
r
This can be expressed in term of the gravitational potential ¢. The force applied by a density of
mass p on a point mass (B, mp) is —mpV¢, where ¢ satisfy the Poisson equation

A¢ = 4w Gp.

In Newton’s universal law of gravitation, the mass m4 acts at distance on the mass mpg, which is
an apparent contradiction with special relativity. One can note that in electrostatics there is also
a principle of action at a distance. However when Coulomb law is completed with the whole set of
Maxwell equations, we see that the propagation of the electromagnetic field obeys wave equations
with speed c. For gravitation, the resolution of this paradox has been done by Einstein in 1915
through a revolutionary change of point of view : the theory of general relativity. In this theory,
the gravitation is not a force but is encoded in the geometry of the space-time, which is described
by a Lorentzian manifold (M, g) : the bodies subject only to the gravitation follow the geodesics
in this new geometry. The Lorentzian metric ¢ must obey Einstein equations

1 8rG
RI"V — iRgMV = CTTN’V'

In these equations, R,, describe the curvature of the space-time, and T}, is the stress energy
tensor : its form depends on the fields which are considered. Newton’s equation is not part of
Einstein equations, but it can be obtained by taking well chosen limits.

Einstein equations are invariant by change of coordinates. In a particular set of coordinates, they
can be written as wave equations on the metric coefficients. In general relativity, the deformations
of space-time propagate in the form of gravitational waves with the speed of light.

The aim of this course is

e to introduce the geometrical notions which are fundamental in General Relativity,

e to have a first approach on the physical meaning and implication of the theory,
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e to see that studying general solutions to Einstein equations consist in solving evolutionary
partial differential equations,

e to introduce the analytical background necessary to solve wave equations, and therefore Ein-
stein equations.

We refer to the book [8] and [6] for more details on Riemannian geometry, and to [7] for Lorentzian
geometry. We refer to [9] and [3] for a complete introduction to General Relativity and we refer
to [4] and [1] for more details on the solving of partial differential equations. We also refer to the
following lectures notes :

e Jacques Smulevici : Lectures on Lorentzian Geometry and hyperbolic pdes,
e Jérémie Szeftel : Introduction a la relativité générale d’un point de vue mathématique,

e Jonathan Luk : Introduction to Nonlinear Wave Equations.
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Chapter 2

Riemannian geometry

In this chapter we will introduce the notions of geometry which are needed to formulate Einstein
equations and to study them. These notions are useful in many areas of mathematics, so we will
introduce a very general setting in this chapter.

2.1 Manifolds

In general relativity the space-time is a differential manifolds. It is a topological space which is
locally identified with R™. Let us be more precise.

2.1.1 Charts and atlas

Definition 2.1.1. Let M be a topological space. A topological atlas of dimension n is a family
(Ui, ¢:) such that

e U, are open,
o UUZ =M
o ¢;:U; = Q; where Q; is an open set of R™ is an homeomorphism.

The map ¢; is called chart or coordinate system, the set U; is the domain of the chart and the maps
¢; o ¢j_1 are called change of charts.

Definition 2.1.2. A topological manifold M of dimension n is a topological Haussdorff space
(séparé) equipped with a countable atlas.

Proposition 2.1.3. A topological manifold is locally compact, locally path connected, separable,
paracompact, metrizable.

Remark 2.1.4. We can define the notion of atlas for M a general set. It is a family of pairs
(Ui, ¢i) such that

. UiCM(lTLdUUL‘ZM,
o Vi, : U — Q;, with Q; an open set of R™
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o Vi, j:¢;0 qb;l 195 (Ui NU;) = ¢:(U; N U;) is an homeomorphism.

The data of an abstract atlas on M yields a topology on M : U is open if for all U;, ¢;(U; NU) is
open in R™. If this topology is Haussdorff, and if I is countable, we obtain a structure of manifold
on M.

An atlas {U,, ¢, } is called smooth if all chart transitions
dpo b, Ga(Ua NUy) = o (Ua NUL)
are differentiable of class C°°. Two atlases are equivalent if their union is still an atlas.

Definition 2.1.5. A differentiable manifold is a topological manifold which admits a smooth atlas.
A smooth structure is an equivalence class of smooth atlases

We can also define C* manifolds by requiring that the transition map ¢, o ¢! are C* where
they are defined.

The example of the sphere The sphere S" = {(z!,..,2""") € R, S (21)2 = 1} is a

differentiable manifold. One can define charts (U;, ¢;), ¢ = 1,2 as follows. On U; = S™\ {0,..,0,1}

we define N
n
d)l(l‘l . xn+1) = .CC . l‘
o 1—gntl”7 ] — gntl J7

and on Us = S"~1\ {(0,..,0,—1)} we define

¢2(1’1, ”7xn+1) _ ( 1‘1 . " ) '

L4 ant1 77 14 gntl
We can check that (U;, ¢;)i=1,2 is a smooth atlas on the sphere.

Definition 2.1.6. Let (M, N) be two differentiable manifolds, of dimension d and d'. A map
h: M — N is C* if for all charts (Uy, ¢a) on M and (Vy,1by) on N, the map 1, o ho ¢! is of
class C* on the open set of R* where it is defined.

Remark 2.1.7. Since the transition map are smooth, to check whether a map h: M — N is C¥,
it is sufficient to prove that for all p € M there exists a chart (Uy, ¢,) with p € U,, and a chart
(Vo, tb) with h(p) € Vi, such that 1y o ho ¢, 1 is CF.

2.1.2 Submanifolds

Definition 2.1.8. Let M be a d dimensional manifold. A subset X of M is a submanifold of
dimension d' if for every point x € X, there exists a chart (U, @) of M with x € U such that

¢(X NU) = RY x {0}) N ().

A submanifold N inherits a manifold structure : the charts (U,, ¢,) on M induce charts

(X NU,, mgar © ¢alxnuv,)

on X. We remark that the submanifolds of dimension d of M are given by the open sets of M.
More interesting examples are built on submersions and immersions. Let us for the moment consider
immersion and submersion in R™ which will allow us to easily construct examples as submanifolds
on R™.
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Definition 2.1.9. Let U be an open set of R , and let f: U — R™ be a map of class C*.
o f is an immersion in x € U if its differential in x is injective.
o f is a submersion in x € U if its differential in x is surjective.

Theorem 2.1.10. Let U be an open set of R% | and let f : U — R™ be a map of class C*.

o If f is an immersion on all points of U then for all x € U there exists a neighbourhood U, of
x, a neighbourhood Vi) of f(x) and a diffeomorphism v : Vi, — W of class Ck, with W
an open set of R™ such that for all x € U,

Yo f(zt, .., x%) = (2!, .., 2%,0,..,0).

o If f is a submersion on all points of U then for all x € U there exists a neighbourhood U, of
x, a neighbourhood Vi, of f(x) and a diffeomorphism ¢ : V — U, of class CF, with V an
open set of R? such that for allz € V

fop(zh, .., x?) = (21, .., z").

From this theorem, we can obtain the following proposition
Proposition 2.1.11. Let U be an open set of R® | and let f : U — R™ be a map of class C*.

o If f is injective, proper, and an immersion on all points of U then f(U) is a submanifold of
R™ of dimension d.

o Lety € R™. If f~1(y) # 0 and for all x € f=X(Y) f is a submersion on x then f~1(y) is a
submanifold of R® of dimension d — n.

Proof. We give the proof of the second point. Let z € f~!(Y). There exists a neighbourhood U,
of x, a neighbourhood V,, of y and a diffeomorphism ¢ : V' — U, of class C*, with V an open set
of R? such that for all z € V

foop(zt,..,z?) = (2, .., z").

Consequently, in f~1(y) NU, we have (z!,..,2") = y and the diffeomorphism ¢! : U, — V is such
that
o7 (ST Y)NUL) = ({y} xRNV

Example of submersion We consider the function f : R® — R defined by f(x!,..,2") =
(x1)2 + .. + (2™)2. For r > 0, f is a submersion for all x € f~!(r). Indeed, the differential df, is
the map

dfy :h €R" ) 22'h! € R.
This map is surjective when the z¢ are not all equal to zero, that is to say for f(x) # 0. Thanks
to Proposition 2.1.11, f~1(r) is then a submanifold of R™, of dimension n — 1. This gives an other
proof of the fact that S*~! is a manifold.
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Example of immersion We consider the map f : R? — R3 defined by f(x,y) = (z,y, 2% + 32).
The differential is

dfzy) : h = (h',h%) € R? = (h', B, 220" + 2yh®) € R®.

Therefore, we see that f is injective, proper, and an immersion on R?. Consequently, the parabola
f(R?) is a submanifold of R, of dimension 2.

Remark 2.1.12. We can speak about immersions and submersions between manifolds, by asking
that in some charts, the application is an immersion or a submersion, and extend Proposition 2.1.11
to manifolds.

2.1.3 Tangent vectors

Tangent vectors are easy to define for a submanifold M of R™ : we say that v is tangent to M in
x if there exists a curve ¢ :] — g,e[— M such that ¢(0) = = and ¢(0) = v. We can define tangent
vectors in the more abstract setting following this idea.

Definition 2.1.13. Let M be a differential manifold and let v € M. Two C* paths ¢y ;| —¢,e[— M
and ¢y :] — e,e[— M such that ¢1(0) = c2(0) = z are equivalent if there exists a chart ¢ in a
neighbourhood of x such that (¢pocy1)'(0) = (poca)'(0). A tangent vector in x is an equivalence class
of path for this relation. The set of tangent vectors in x is noted T, M : it is the tangent space to
M in x.

Let f: M — N be a smooth map between manifolds. If ¢ is a path through z € M, focis a
path through f(z) € N. Moreover, if ¢; and ¢z are two equivalent paths, then foc; and focy are
also two equivalent paths. This allow to define the differential of f in z

dfx T M — Tf(w)N
[c] = [fod]

If (U, ¢) is a chart in , The map d¢,, allows to identify T,, M to R™.
We can define the tangent bundle by TM = {(z,X),z € M, X € T,M}. We note 7 the
projection 7 : TM — M, (z, X) — .

Proposition 2.1.14. T M is a manifold of dimension 2n
Proof. Let (U;, ¢;) be a differential atlas on M. We consider the map
do; : 7 HU;) — R*™,
(@, X) = (¢i(2), (dgi)o (X))
and check that (7 =1(U;), d¢;) define a differential atlas on TM, and that the topology induced on
T M by this atlas is Haussdorff. O

2.1.4 Vector bundles

TM has a very specific atlas : the charts identify 7=*(U) to a product U x R", and on each fiber
T, M = n~!(z) we have a vectorial space structure. This enters in a more general setting
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Definition 2.1.15. A vector bundle of rank p is a triplet (E,m, B) where E and B are differential
manifolds, ™ : E — B is smooth and each fiber E, = w=1(x) is a vector space with the following
condition : for allx € B there exists an open neighbourhood U of x and a diffeo v : 7= 1(U) — U xRP
such that py o = 7 and pre 0 Y|, : E, — R? is an isomorphism.

F is called the total space, B is called the base space and 1) is called a local trivialization. If
and 5 are two trivializations then

1oyt UL NUy; x RP — Uy NU, x RP
(z,v) = (z,u12(v))

where u12 € GL(RP).

Example : We can construct a local trivialization of TM in the following way : if (U, ¢ =
(x1,..,2™)) is a chart, we can consider, for all z € U,

e; = [t ¢ (p(z) +(0,..,t,0,.))]

For all z, the e; are independent tangent vectors of T, M. The local trivialisation of TU we have
constructed is

E 7 HU) = U x R"
(2, X) with X € T, M v (z, X', ., X"), with X =) X'e;.

In this course, we will restrict to the bundles constructed from T'M, called tensor bundles.
Definition 2.1.16. The cotangent bundle is T*M = {(x,0),x € M,o € (T, M)*}.

We can also define

LTM,TM) = {(z,A),z e M,A e L(T,M, T, M)},
Bil(TM) = {(z,u),x € M, u is a bilinear form on T, M} = L(TM,T*M),
L(L(TM,TM),TM)...

A handful way of defining these objects is through the tensor product that we recall here. Let U

and V be vector spaces. U ® V is the vector space generated by the symbols u x v, where u € U
and v € V, quotiented by the subspace generated by the

u® (av+ ) —au®v — fu® v,

and
(au+Ba)®@v—au®v— L@ v.

If U is of dimension n, with basis (e, .., e,), and V is of dimension m, with basis (f1, .., fi), then
U ® V is of dimension mn, with basis e; ® f;, 1 <i<n,1<j<m.

Proposition 2.1.17. The tensor product satisfy the following properties
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If B:U xV — W is a bilinear map, then their exists a unique linear map B:UQV =W
such that B= Boh where h: U xV — U ®V is defined by

h(u,v) =u® v,

UV)eW =U®® (VeW). Therefore we note simply U @ V@ W.

UV ~VeU,
LUV)~U*RV,

o« (URV) ~U*®V*.

The proof of this proposition is left to the reader but we precise for instance what we mean by
LU, V) ~U*®YV : their exists a natural isomorphism between the two space. In this case this is
the linear map ¢ : U* @ V. — L(U, V) defined by ¢(u* @ v) = (f € U — u*(f)v € V).

Definition 2.1.18. A section of a vector bundle (E, 7, B) is a smooth map o : B — E such that
moo =1id. The space of sections is denoted I'(E). Locally, a section is a smooth map U — RP.

For instance, if £ = T'M, the sections of E are called vector fields. The sections of T*M are
called 1-forms.

If f € C®°(M,R) we can define the differential of f at = : df, € (T, M)*. The differential of f,
df : M — T*M, x — T;M is a section of T*M.

If we have a chart (U, ¢), the components z° of ¢ in R™ are coordinates. We can see them as
functions z? : U — M. The da’ are locally sections of T*M which are linearly independent in all
point € T*U. The dz' yield a local trivialization of T*M.

Now that we have the local trivialization of T'M, given by the e;, and the local trivialization of
T*M, a local trivialization of the vector bundles of tensors which are r times contravariant and s
times covariant

TM®..QTMT"M®.@T"M

r times s times

by
e, ®..0¢6, @ (dr")® .. (drl)

A section of this bundle can be written in this local trivialisation

T=T""¢ ®..0¢ @(d")® ..o (dl),

J1--Js

where we use the Einstein summation convention : here a sum is taken for the repeated indices (one
up and one down) : 1 <y, .., j1,..Js < n. Most of the time the section 7" will be only denoted by
T

J1--Js "

2.1.5 Vector fields and derivations

In this section, we will see that the vector fields we have defined coincide with an other notion :
the derivation. In fact we could also have defined the vector field in term of derivation.

Definition 2.1.19. Let X be a vector field and f : M — R be a smooth function. The Lie derivative
of f along X, Lx f =df(X) is the function M — R defined by (Lx f)(x) = df.(X.).
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Definition 2.1.20. A derivation of C*°(M) is a R linear endomorphism D such that ¥f,g €
C>(M) we have D(fg) = fDg+ gDf

If (U, ¢ = (z,..,2™)) is a chart, we can define a particular derivation on C>(U) by

of 0

—1/,.1 n
89& - amz(fo(’b (I gy & ))

If we write this expression at a point = we have

of
ozt

(1) = S(Fo 67 (6(x) + (0,1,1,0,.)))

= [f o] where c: ¢ — ¢1(¢(x) +(0,..,2;,0,..)
= df[c] = df (e;)(z).

Consequently of — L., f. If a vector field can be written locally X = X'e; then
ox i

0

f,

and we can easily check that Lx is a derivation. From now on, the local trivialization of T M

associated to the coordinates z' will be noted % instead of e;. Note that in %, the index is

down.

2.1.6 Lie derivative

Let X be a vector field. For all 2 we can define a ¢, : I — M, such that c,(t) = X, ) and
¢:(0) = 2. From this we can define the flow ¢; of a vector field X by ¢:(x) = ¢, (t). This flow may
not be defined for all x and all ¢, but at least, in each compact set K of M, for ¢t small enough, the
flow ¢; : K — M exists. By definition, we have X, = [¢,(¢)] and consequently

Lxf = (7 0 0@ le=o.

This give us a way to derive more general tensors. For this we will define the pull back of a vector
field.

Definition 2.1.21. Let ¢ : U = V be a diffeomorphism between two open set of M.
e The pull back of a one form w € Ty, V is (¢*w)p = We(p) © d.
e The pull back of a vector field X € Ty V is (¢0*X), = do™ Xy -
This allows to define the Lie derivative of a vector field.

Definition 2.1.22. The Lie derivative of a vector field Y along a vector field X is defined by

EXY:(d

pn +Y)|i=o-

There exists a more algebraic definition of LxY : the Lie bracket .
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Definition 2.1.23. Let X,Y be two vector fields. The Lie bracket [X,Y] is the operation corre-
sponding to the commutator [Lx,Ly]| =Lx oLy — Ly o Lx

In a chart we have

ox; oxi ) dzi”

QY LO0XI
X,Y] = (Xla _yi? > 0
This prove that [X,Y] is a vector field.
Proposition 2.1.24. We have LxY = [X,Y]

Proof. Let ¢; be the flow associated to X and ), the flow associated to Y. Using the chain rule
for derivation of composed map, we compute

d d
e (0400 01(0) = (@0-0),_ ooy (e OulOH(0) ) = (@00 oy (Vo)

Evaluating in u = 0 we obtain

d
Tu (p—rotuo¢u(x))|,_, =&Y

and therefore d/d
at (du (p—t oty 0 ¢t($)) ’u_()) ’t:o = LxY.

Consequently, applying this vector field to a function f we obtain
(LxY) (f) = dfa(LxY)

d d

= df, (dtdu (p—totpy 0 ¢t(m)))
d d

= %dfm (du (¢—t 01y 0 ¢t(x))>

d

d
= 2 [ (9t 0 b0 $i(w))

= e ) + Lx(f o)

du
=—LyLxf+LxLyf
O

The Lie derivative can be extended on tensor fields by compatibility : in all these definitions,
we take a vector field X

e If w is a one form, the Lie derivative of w in the direction X is defined such that for all vector
field Y

(Lxw)(y) = Lx(w(Y)) —w(LxY)
o If u € Bil(TM), the Lie derivative of u is defined such that for all vector fields Y, Z

(Lxu)(Y, Z) = Lx(u(Y,Z)) — u(LxY, Z) — u(Y,Lx Z).
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o If A e L(TM, TM), the Lie derivative of A in the direction X is defined such that for all
vector field YV
(LxA)(Y) = Lx(A(Y)) — A(LxY).

Exercise 1.
One can check that Lxw = %((;wa)h:o.

The Lie derivative is indeed a derivative, in the sense that it is R linear, and satisfies the Leibnitz
rule
Lx(fY) = fLxY + (X([))Y.
However, there is something unsatisfactory about it which is that the value of LxY at a point p

does not depend only on the value of X at p, but also on the behaviour of X near p. This motivate
the definitions of the next section.

2.1.7 Connexions

Definition 2.1.25. A connection D on the vector bundle (E, M) is an application D : TM xE — E
such that

o Forall fe C®(M) and X,Y € T(TM), Z € T(E), Dfx4+v = fDxZ + Dy Z,

o Forall\€R, X € (TM), Z,W € [(E), Dx(\Z + W) = ADxZ + DxW,

o Forall feC>®(M) and X eT'(TM), Z €e(E), Dx(fZ) = fDxZ + (Lx f)Z.

If (z',..,2") is a coordinate chart on M, and (eq, .., e,) a local trivialization on E we can write

Diea = F?aeb.
dx?

The T2, are called the Christoffel symbols of the connection. If ¢ € T'(E) and o = _ 0%, then

0o
— amb
Daii o= O eq + 0I5, €p.

Exemple on a trivial bundle If M x RP is a trivial bundle, and o € I'(E), we can write
o= (o, ..,0"). Then
Dxo = (Lx(01), ., Lx(0p))

defines a "trivial” connection on M x RP. The Christoffel symbols in this trivialization are zero.
Be careful ! It is not because the Christoffel symbols are zero in some basis that they are zero
in every basis ! For instance if we consider the trivial connection on R? defined, in Euclidean

coordinates (z!,22) by D_o (X752;) = %);f 52 then the Christoffel symbols in the basis 32 are
o 1.0

zero, but in a local basis defined by e, = %, €9 = ;55 where r, 0 are the polar coordinates, we
have for instance

~Osin(f) 0 | Ocos(d) O
Ort  Oxt dx? Ozt

. 0
Da%ieg = D% (— sm(@)(@)% +cos(9)) =

and consequently
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2.2 Riemannian manifolds

2.2.1 Riemannian metric

If E is a vector space, we note Sym?E the vector space of symmetric bilinear forms on E. We
introduce the tensor bundle Sym?M = {(x,q) € M x Sym?(R"),z € M,q € Sym?(T,M)}.

Definition 2.2.1. A metric on a differential manifold M is a section of T'(Sym2M) which is
positive definite on all point. In other word, it is the smooth data of a scalar product on each fibre
T.M. A differential manifold M equipped with a metric g is called a Riemannian manifold.

In a coordinate chart z° we can write g = gijdxidxj. This means that if X = X°? 82

Y =Y 2 we have g(X,Y) = g;; X' X7.

- and

Example The metric on the sphere S2 in the spherical coordinates 6, ¢ is given by
g = db* + sin?(0)d¢>.

The prescription of a metric g allows to identify the tangent space and the cotangent space in
the following sense : if X is a vector field, we can define a unique one-form wx € T'(T*M) by
requiring that for all Y € T(T M) we have wx (Y) = g(X,Y). In a coordinate chart ! we can write
wx = (wx)jdxj With (wx); = ginj. We will often denote a vector field X = X* B(zi by X%, and a
one form w = w;jdx’ by w; : the index up or down then indicate whether we speak about a vector
field or a one form. The metric allows to raise and lower indices to make an identification. For
instance we will write (wx); = ¢;; X7 = Xj.

The metric g induced also a metric on g~ on T* M, such that for all X,Y € I'(TM),

g(X7 Y) = gil(anwY)a

which in coordinates can be written g;; XY’ = ¢" X, Y.

2.2.2 The Levi-Civita connexion
Proposition 2.2.2. There exists a unique connection V. on T M such that
e For all vector fields X, Y we have VxY — Vy X = [X,Y] : we say that V is torsion free.
e Vg =0, which means that for all vector fields X,Y, Z we have
Lxg(Y,Z)=9(VxY,2)+g(Y,VxZ):
we say that V is metric.
This connection V is called the Levi-Civitta connezxion.
Proof. Unicity: By the property that V is metric we have

Lxg(Y,Z)=9(VxY,Z)+(Y,VxZ)
ﬁYg(X,Z) :g(vYsz)+(X7vYZ)
L79(X,)Y)=9g(VzX,Y)+ (X,VzY)
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Consequently
and therefore

§VXY,2) = 3 (Exgl¥ 2) + Lrg(X. 2) ~ L2g(X,Y) = g(X, [V, Z) = oY, X, Z)) + g(Z,[X. V).

This formula, called the Koszul formula express ¢(VxY, Z) independently on the connection V.
Existence: The Koszul formula gives a formula for ¢(VxY, Z). Then it remains to check that
this define a connection which is metric and torsion free. This is left to the reader. O

Exercise 2.
By using the Koszul formula, you can express the Christoffel symbols of the Levi-Civita con-
nection in a coordinate chart ().

ik =39 YOj9u + Ocgi; — Dugjn)-

The Levi-Civita connection can be extended to derive all types of tensor fields by compatibility
: in all these definitions, we take a vector field X

e If w is a one form, V xw is such that for all vector field Y’
(Vxw)(y) = Lx(@(Y)) —w(VxY).
o If w € Bil(TM) Vxu is such that for all vector fields Y, Z
(Vxu)(Y,Z) = Lx (w(Y, Z)) —u(VxY,Z) —u(Y,Vx Z).
o If Ac L(TM,TM), VxA is such that for all vector field Y
(VxA)(Y) = Vx(A(Y)) - A(VxY).

In particular, we can apply the Levi-Civita connection to the metric g, which is a section of
Bil(TM). The condition that V is metric means that for all X € I'(T'"M) we have Vxg = 0.

Exercise 3.
In a coordinate system, we can write V_o w = (V _o_w),dz? with
dx? dx?
8&1 ) 1
(Vagiw)j = a$z — Fijwl.
and V_o A = (V_o_A). 2 da? with
dx? dx? i
oA

(Vo A)} = axf + Il Ak kAL

We will often use a slightly confusing notation and write, for Y a vector field (V o Y)/ = VY7,

dx?
or for o a one form (V_o_o); = V,0;.
ozt
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2.2.3 Geodesics

In R™, the straight lines are parametrized curves with a zero acceleration. In (M, g), the acceleration
of a path ¢: I — M is the derivative of the speed ¢ in the direction of the speed ¢, in other words
V:¢. Note that their may be some ambiguity because ¢ is only defined on the path ¢(t) : we have
é(t) € TeyM. Therefore ¢ is not a vector field. However, if X € I'(M) we can define (V:X),),
since the connection have been introduced precisely for this to depend only on the value of ¢ on
¢(t). In coordinates, we have

(VeX7)ug = (E0X7)(e(t)) + TRXH(e0)é = 5 (000 (e(0) + I X (elt))é'

We see that in addition, this quantity depends only on the value of X on ¢(t). Therefore V¢ is
well defined.

Definition 2.2.3. A geodesic is a path ¢ : I — M such that V.¢ = 0, where V is the Levi-Civita
connection. More generally, we will say that a vector field X is geodesic if VxX = 0.

In coordinates, if we write c(t) = (z1(t),..,2%(t)) then the geodesic equation is
i+ Dipaizh = 0.

This is a second order non linear equation. : given pg € M and an initial speed vy € T, M there
exists a unique geodesic, defined on a maximal interval I C R such that ¢(0) = po and ¢(0) = vp.

2.2.4 Curvature

The curvature tensor is an object which measures the defect of commutation of connexions. It can
be defined for any connexion, but let us focus on the case of the Levi-Civita Connection.

Definition 2.2.4. Let (M, g) be a Riemannian metric. Let V be the Levi-Civita connexion. Riem
is the section of the tensor bundle of anti-symmetric bilinear maps from TM to End(TM) defined
forall XY, Z e T(TM) by

Riem(X,Y)Z =VxVyZ —VyVxZ - VixyZ.

This definition is in fact also a proposition because it is not clear a priori that Riem defined
above is indeed a tensor. For this we have to check that Riem is C*° linear with respect to X,Y
and Z. Let us check the C'* linearity with respect to X :

Riem(fX, Y)Z ZfVXVyZ - Vy(fVXZ) - Vf[X’y],y(f)XZ
=fVxVyZ - fVy(VxZ) =Y (f)VxZ — [Vixy)-Z +Y(f)VxZ
=fRiem(X,Y)Z

Exercise 4.
In a coordinate system, we can write Riem(

o ., 0

oz M g

ls] ls]
oxY? Oxk

d _ pa o) :
)oor = RYsypupoa, With

R%pyn = T + 15 s = DT
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Proposition 2.2.5. The Riemann tensor satisfies the following properties :
e Riem(X,Y) = —Riem(Y, X)
g(Riem(X,Y)Z,T) = —g(Riem(X,Y)T, Z)

Riem(X,Y)Z + Riem(Y,Z)X + Riem(Z,X)Y = 0 : this property is called Bianchi’s first
identity.

g(Riem(X,Y)Z,T) = g(Riem(Z,T)X,Y)

(DzR)(X, Y)W + (DxR)(Y,Z)W + (Dy R)(Z, X)W = 0 : this property is called Bianchi’s
second identity.

Remark 2.2.6. These properties ensure that if M is 2—dimensional, the curvature is determined
by a number in each point x : g(R(e1,e2)ea,e1) where (e1,ez2) is an orthonormal basis of T, M.
This number is called Gauss curvature.

Theorem 2.2.7. Riemann, 1854 Let (M,g) be a Riemannian manifold. Then Riem = 0 if and
only if (M, g) is locally isometric to (R™,d) where 0 is the Euclidean metric (this means that in the
neighbourhood of every points, there exists coordinates x',..,x™ such that g = > (dx?)?.

Geodesic deviation Their is a geometric interpretation of the Riemann curvature tensor. Let
vs(t) be a one parameter family of geodesics, such that (s,t) — 7,(t) define a submanifold ¥ of
M. The vector field T' = % is tangent to the geodesics. Up to a reparametrization of ¢, we can

assume V7T = 0. We note X = % the infinitesimal displacement from a geodesic to the other.
Then v = V7 X is the speed of the displacement, and a = Vv its acceleration. Since s and t are
coordinates, we have [X,T] = 0, and we can compute

a=VprVrX =VyVxT = Riem(T, X)T + VxVrT = Riem(T, X)T.
Definition 2.2.8. The Ricci tensor is the element of T'(Sym?(TM)) defined by
Ric(X,Y) =Tr(Z — Riem(Z,X)Y).

In a coordinate chart
R, = R v
We can contract one time more and define the scalr curvature, which is the function R is defined

by R = ginij,

2.2.5 Second fundamental form

Let ¥ be a submanifold of M of dimension n — 1, oriented by a unit normal vector N. The metric
g on M induce a metric g on ¥ : two vectors X,Y € T3 can be seen as vectors on T, M and one
can define g(X,Y) = ¢g(X,Y). This induced metric induces a connection V on ¥. We define the
second fundamental form K € I'(Sym?2(TX)) by : for all X,Y vector fields in T'(T'Y)

VxY =VxY +1I(X,Y)N.

In other words

One has to check that K is indeed a tensor, and is symmetric (exercise).
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Proposition 2.2.9. The second fundamental form is also given by I = —%ENg : for all XY
tangent to X we have

1
Proof. We start with a general computation : for all vector fields X,Y, Z we have
(Lxg)(Y,Z2) =Lx(9(Y,2)) —g(LxY, Z) — g(Y,Lx Z)

=Lx(9(Y,2)) —g(VxY - Vv X,Z) - g(Y,VxZ - VzX)
=g9(VyX,Z)+ g(Y,VzX)

where in the first equality, we have used the definition of the Lie derivative of a 2-tensor, in the
second equality we have used that the Levi-Civita connection is torsion free, and in the last equality
we have used the fact that the Levi-Civita connection is metric, that is to say Vg = 0. Now, if we
use the definition of the second fundamental form, we write, for X, Y vector fields tangent to X

I(X,Y) =g(VxY,N)

1 1
=29(VxY + Vy X, N) + 29([X, Y], N)

=5 (Lx(g(Y,N)) — (¥, VxN) — Ly (9(X, N)) ~ g(X, Ty N))

—  LLnp)(X.Y),

where we have used that [X,Y] is tangent to ¥ and therefore g([X,Y],N) =g(X,N)=g¢g(Y,N) =
0. O

2.2.6 Symmetries

Definition 2.2.10. Let ¢ : U C M — V C M be a differomorphism. The pull-back of a 2-form u
in TypyM s the 2-form in T, M defined by

(0" w)p(X,Y) = ug(p)(ddX, dPY).

Definition 2.2.11. A diffeomorphism ¢ : U C M — M is an isometry if

¢°g =g
A wvector field whose one parameter flow is a flow of isometries is called a Killing field.
Proposition 2.2.12. K is a Killing field on (M, g) if and only if

Lxg=0.
Proof. Let ¢; be the one parameter flow generated by K.

(Dr9)(X,Y)|p = g(ddr X, dpuY )|, (p) = 9(67, X, 07,Y )0, (1),

Consequently, by definition of the Lie derivative we have

L 160X V)i = K(9(X,Y)) — g(Lx X, Y) (X, Lx¥) = (Lxg) (X, Y).
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Consequently, if K is a Killing field, which means that for all ¢, ¢; is an isometry then (¢7¢)(X,Y) =
g9(X,Y) and we have (Lxg)(X,Y) =0.
Conversely, if Lxg = 0, using the fact that ¢,y = ¢y 0 Py we have

d
4 (orox. ) =0
s0 (¢5g)(X,Y) = (659)(X,Y) = g(X,Y) and ¢; is an isometry for all ¢. O

Exercise 5.
Let X be a vector field. Show that Lxg = ()7 where (X)7, the deformation tensor of X is
defined by
X r0s = DoXp + DsX,.

A vector field K is Killing if and only if ()7 = 0. This is something non generic for a space-time

to have Killing fields. Indeed, )7 = 0 is a system of @ equations with n unknowns.

2.2.7 Integration

Let (M, g) be a Riemannian manifold of dimension n. In a coordinate system, one can define det(g)
as the determinant of the matrice go3. This does not define a function on the manifold M since
this is a coordinate dependant quantity. However, we have the following property :

Lemma 2.2.13. Let (U, (x!,..,2™)) be a chart on M, and f : M — R a scalar function. Then

/ f\/det(g)dz*..dz"
u

is invariant by change of coordinates.

Proof. Let yi(x!,..,2™) be a change of coordinate. Doing a change of variable in the integral, we

obtain 5
/ f/det(g)dx'..dz™ = / f/det(g) ‘8;’ dy*..dy",
u u
where g—z is the Jacobian, that is to say the determinant of the matrix of the change of coordinates.

If we note det(g) the determinant of the matrix g,z of the metric coefficients in the basis dy®dy”,
we have

oz |’
det(g) = ‘ay det(g).

This concludes the proof of the lemma. O

We can now define the integration on M with the use of a partition of unity v, adapted to a
covering by coordinate charts U, .

I, = N2V, et da".
/Mfdvog za:/uaz/i f/det(g)dx..dx

Exercise 6.
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We have, in a coordinate chart

/(DO‘Xa)dvolg :/&XXO‘dm.
u

2.3 Exercises

Exercise 7.

1. Let us consider the chart on S? given by (U;,#;), with i = 1..6 where for 1 < i < 3,
U, = {JZ S SQ, xr; > 0}, Ui+3 = {33 S SQ, xr; < 0} and

$1(z) = pa() = (2%,27), ¢a(x) = ¢5(2) = (2,27), d3(2) = ¢6(x) = (2, 2?).

Check on a few changes of charts that this atlas is equivalent to the stereographic projection.

2. Can you build yet another atlas on S? ?

Exercise 8.

1. Is the subset of R? defined by 22 + 32 — 22 = 0 a submanifold of R? ?

2. Is the map R — R?, ¢ — (t2,3) an immersion ? Show that its image is not a submanifold of
R2.

3. Show that the map ] — oo, 1[— R? defined by ¢ (g;i, t(gill)) is an injective immersion,
but that its image is not a submanifold of R2. Draw the image.

4. Show that the group SL(n,R) is a submanifold of the vector space of matrices n x n. What
is its dimension ? Same question with O(n).

Exercise 9.

Let U be an open set of R", a € U and f : U — RP. If f is a submersion, show that the tangent
space to f~!(f(a)) in a is the kernel of df,. If f is an immersion, show that the tangent space to
fU) in f(a) is the image of df,.

Exercise 10.

We say that two metrics g and ¢’ on M are conformal if there exists a function f € C*°(M)
such that ¢’ = efg. Let D and D’ be respectively the Levi-Civita connection associated to g and
¢’. Show that

2D\Y =2DxY + X(f)Y + Y (f)X — g(X,Y)grady(f)

where grad,(f) is the unique vector field such that for all X € I'(T'M), X (f) = g(grady(f), X).

Exercise 11.
Let D be a connexion on a vector bundle E with basis M. Let ¢: I — M be a smooth curve.

1. Show that (D¢s)c+) depends only on s on the curve c.
Given a curve ¢, we define the parallel transport P¢ : E.q) — Eq@s), s(a) — s(b) where s(t) is
the solution to Dgs = 0.
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2. Show that Dxo = 2 (5(t)) where we took any curve ¢ with ¢(0) = z and ¢(0) = X, and
define G(t) = (P°¢)~Y(o(c(t))).

3. We now consider the Levi-Civitta connexion V. Let X, Y, € T, M be such that ¢, (X,,Y,) =
0. Let ¢ be a path from = to y. Show that

33

g(P°X, P°Y) = 0.

Exercise 12.
Let M be an hypersurface of R? (a submanifold of dimension 2). We consider R® with the
Euclidean metric. Let D the flat connection on R? and V the induced connection on the sphere.

1. Let X,Y € TM. Show that (DxY), — (VxY), is colinear to the normal to M at p.
2. Show that v(s) is a geodesic on M if and only if 4 is colinear to the normal.

3. Characterise the geodesics on the sphere.

Exercise 13.
Let (M, g) be a Riemannian manifold, and v be a geodesic. Suppose that their exists a Killing
field K. Show that g(4, K) is constant along .

Exercise 14.
Let (M, g) be a Riemannian manifold, and D the Levi-Civita connection associated to g.

1. Show that (LKg)aB = DaKg + D/@Ka.
2. Assume that K be a Killing field. Show that

DxDyK = —Riem(K, X)Y.

Exercise 15.

Let (M, g) be a Riemannian manifold, and H C M an hypersurface , with the induced metric.
Let I be the second fundamental form. Let R be the Riemannian curvature tensor on M and R
the Riemannian curvature tensor on H.

1. Show the Gauss theorem
Rijim = Rijim — L + 510,,.

Write the corresponding relation for the Ricci tensor and the scalar curvature.

2. Calculate the second fundamental form of the embedding of S™ in (R"*1,4). Deduce the
Riemann curvature, the Ricci curvature and the scalar curvature of the sphere.
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Chapter 3

Lorentzian geometry and general
relativity

3.1 The geometry of space-time in special relativity

In Newton mechanics, space-time is a direct product R; x R3, where R, is the set of times, and the
space is R? equipped with the Euclidean metric § = (da!)? + (d2?)? + (dx®)?. The events at t = cst
are simultaneous. The future of a point p = (0,z) is t > 0 and the past ¢ < 0. Newton’s laws are
invariant under

e The symmetries of the Euclidean space : translations and rotations,
e The time translations,
e The Galileo transform (z?)" = z? + v't.

In particular, the speed can not be an absolute value, it depends on the choice of inertial frame.
This leads to contradiction with the fact that the speed of light is a physical constant. This is
indeed a prediction of Maxwell equations, which unify the laws governing the electric field £ and
the magnetic field B (written here with "units” such that €9 = po = 1)

0B
E=_—
VA TR
OF
B=i4+——
VA J+at,
V.E = p,
V.B =0.

Maxwell’s laws are not left invariant by the Galileo transform. Instead they are invariant by
the following transformations

e The translations in space or time,

e The space rotations,

25
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e The hyperbolic rotations

L;: t — cosh(a)t+ sinh(a)z?
' — sinh(a)t + cosh(a)x? ~

These transformations generate a group, discovered by Poincaré and Lorentz, which is also the
group which leaves invariant the quadratic form

m = —dt* + (da')? + (dz?)? + (dz®)?. (3.1.1)

The quadratic form m is called Minkowski metric. It is of signature (—1, 1,1, 1). In special relativity,
the laws of physics are independent of the choice of inertial coordinates, which are the coordinates
in which m can be written like (3.1.1). For instance, if (¢,2%) are inertial coordinates, so are
(', (x'), 22, 23) where t', (x!)’ are obtained through an hyperbolic rotation of parameter «. In
particular, the time coordinate t is not an absolute quantity any more !

When R* is equipped with the quadratic form m, one can make a distinction between vectors
in R?* in the following way.

e X is timelike if m(X,X) <0
o X is light-like if m(X, X) =0
e X is space-like if m(X, X) > 0.

An observer corresponds to a curve in space-time which is causal, meaning that its tangent vector
is always time-like or light-like. Let p be a point of space-time. We can consider all the points
which can be joined with a causal curve. It has two components : one is the future of p, and the
other the past of p.

We can define the proper time of an observer v : [a,b] — R* between (a) and ~(b) by

b
/ V=m(3(), 3(s))ds.

3.1.1 The Poincaré group
Minkowski metric admits the following symmetries :
e The translations x — = 4 a for a € RT3,

e The transformations « — Ax, where A is a 4 x 4 matrix such that m(Az, Ay) = (z,y) : these
transformations are called Lorentz transforms. One can make a distinction between space
rotations and hyperbolic rotations.

The group generated by these isometries is called the Poincaré group. These isometries correspond
to Killing fields which can be written in inertial coordinates (20, !, 22, 23), with 20 = ¢ in the
following way

e for the generators of translations : 620 ,

e for the generators of space rotations : xi% — mj%, 1<i<j <3,

2+l 1<i<3.

: ; . .0
e for the generators of hyperbolic rotations : x" 5
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3.1.2 Maxwell equations

Their is a covariant way of expressing Maxwell equations. In inertial coordinates (t,z', 2%, 23), we
write

0 E E, E3

-E; 0 —Bs By

—FE> Bs 0 -B

—-EBE3 —By, B 0

F =

F can be seen as a 2 form which is antisymmetric. Maxwell equations can be written

DaF,g,Y + D’yFaB + DﬁF,ya =0,
DYFo5 = Jg,

where Jg is the source term.

3.2 The geometry of space-time in General Relativity

Once the theory of special relativity had been constructed, the next task had been to reformulate
physicals law in this setting. However, writing Newton’s law of universal gravitation in the context
of special relativity was a special challenge. Indeed, it invokes a concept of ”action at a distance”,
incompatible with the causality notions of special relativity. One of the principle which lead to
Geneneal relativity is the equivalence principle, according to which all bodies are influenced in
the same way by the gravitational field. The path of freely falling bodies define a preferred set
of curves in space-time, just as in special relativity did the paths of inertial bodies. This paths
are the geodesics of the space-time. In general relativity, the gravitational field corresponds to a
deviation of the space-time geometry from the flat geometry of special relativity. More precisely,
the space-time of General Relativity is described by a Lorentzian manifold (M, g) that we introduce
now.

3.2.1 Lorentzian manifolds

Definition 3.2.1. A Lorentzian metric on a manifold M is a section of Sym?>M which is every-
where non degenerate and of signature (—1,1,1,1).

A Lorentzian manifold is a manifold M equipped with a Lorentzian metric g. All the notions
of Section 2.2 can be defined in the context of Lorentzian manifolds : connections, geodesics, cur-
vature... Moreover, with a Lorentzian metric comes a new notion which is causality.

A vector v € T, M is called :

e spacelike if g, (v,v) > 0,

null or light-like if g, (v,v) =0,

e timelike if g, (v,v) > 0,

causal if g, (v,v) > 0.
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The set of causal vectors in T, M is called the causal cone, noted C,, and its boundary, the set of
null vectors is called the light cone.

One can separate the causal cone C,, \ {0} into two connected components C; and C; . If it is
possible to make a continuous choice of C;F and C with respect to z € M, we will say that the
manifold is time oriented.

Let 7 : [a,b] = M be a parametrized curve. It is

e light-like or null if for all s € [a, b], ¥(s) is null (future null if in addition, for all s, ¥(s) € C;),
e timelike if for all s € [a, b], ¥(s) is timelike (future timelike if in addition, for all s, ¥(s) € C}),
e causal if for all s € [a,b], ¥(s) is causal (future causal if in addition, for all s, ¥(s) € C;").

An hypersurface 3 of M is called space-like if all its tangent vectors are space-like. The restric-
tion of the metric g to X is then a Riemannian metric.

3.2.2 Einstein equations

In Newton’s theory, the gravitational field is the gradient of the Newtonian potential U, and the
motion of a test particle in the gravitational field obeys a differential equation, independent on its
mass r¢ = ggi. Moreover, the potential U satisfies the Poisson equation AU = —4wkp, where p is
the mass density of the source and k is the Newtonian gravitational constant. If we compare the

equation of motion with the geodesic equation

zt+ Thaiah =0,

we see that the ”"equivalent” of the gravitational potential in general relativity should be the metric
itself. Einstein equations link the metric g to the source. They can be written

1
R;ux - §R9uu + Aguu = Tm/a

where R, is the Ricci tensor of g, R is the scalar curvature, A the cosmological constant, and T},
the stress-energy tensor. Let us make some comments on these equations

e These equations obey the principle of general covariance : the physical phenomena do not
depend on the reference frame in which we express their laws.

e Like Newton’s equations, these equations are second order in g.

e One often says that the space-time is curved in the presence of matter. The first object we
have introduced in the course to describe the curvature is the Riemann tensor. However one
could not ask that in the absence of source, Riem = 0 because the effects of gravitation can
be felt far from the sources !

e The stress-energy tensor was already an object introduced in special relativity to describe
matter distributions. If an observer is described by a four velocity v, then Taﬁvavﬁ is the
energy mesured by the observer. From the other components of T, 5, one can compute the
linear momentum, the stress...
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Proposition 3.2.2. Let (M,g) be a Riemannian or Lorentzian manifold. We have
1
DM(R,., — §Rg,w) =0.
These identities are called the contracted Bianchi identities.
This proposition implies that Einstein equations yield the following identities for T
D*T,, =0.

These identities are called local conservation laws.

3.2.3 Examples of Energy impulsion tensors

The form of the energy impulsion depend on the matter model under study. Let us give two
examples.

e If the matter is described by a perfect fluid, with 4 velocity u, density of energy p, and pressure
P
Ty = puyty + P(gu + uuu,).

The local conservation laws D*T),,, = 0 yield Euler’s equations.

e If there is an electromagnetic field, given by an antisymmetric 2 form F' then

1
Ty = FuoF,® — Zgw,FaﬁFaﬂ .

When there are no sources for Maxwell equations, D*T),,, = 0 yields Maxwell equations. If
there are sources, one should add the energy impulsion tensor of a charged fluid for instance.

3.2.4 Some explicit solutions

We consider first the vacuum case, that is to say 7, = 0, with zero cosmological constant. In
that case, by taking the trace with respect to the metric g of Einstein equations, one obtain (in
dimension 3 + 1)

1
gmj <R,uz/ - 2ng> =R-2R= 07

so the scalar curvature, and consequently the Ricci tensor vanishes. A very special solution is
Minkowski metric, the metric of Special Relativity. The Riemann tensor of Minkowski metric
vanishes and so does a fortiori the Ricci tensor. However, as was said before, their are solutions
to Einstein vacuum equations for which the Riemann tensor is not zero. The first one which was
discovered in this category was Schwartzschild solution, whose aim was to describe the gravitation
created by a static spherically symmetric star. There is a simple expression for this metric, which

1S

oM aM\ !
gs =~ (1 - T) a4 (1 - T) dr® + 12 (d6° + sin*(0)do”).

We note that the vector fields % and % are Killing fields for the metric.

If we consider the exterior of a star of radius r¢ > 2M, the metric gg is well defined. Let us now
consider the manifold M = Rx]2M, +00[xS? equipped with the metric gs. It turns out that M
can be isometrically embedded in a larger Lorentzian manifold (N, g), for which the region r = 2M
is not singular anymore. This means that » = 2M is only a coordinate singularity.
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Figure 3.1: The maximal extension of the Schwarzschild space-time : in this figure, each point is a
2—sphere of radius r.

3.2.5 Toward the study of general solutions

In the following of the course, we want to initiate a study of general solutions to Einstein equations
in vacuum. To do this, we will see Einstein equations as evolution partial differential equations.
To this extent, we introduce a 3 + 1 decomposition of space-time. We assume that the manifold M
can be decomposed in 3 X R, where X is a three dimensional manifold. We introduce the splitting
of the metric

g =—N2dt* + g;;j(dz" + B'dt)(dx’ + B dt),

then g;; is the Riemanian metric induced on the hypersurface of constant ¢. N is called the lapse,
and S the shift. Let T be the vector field of normals to 3. We have

1

= N(at -p) = %60

We also introduced the second fundamental form K.
1
Kij == <V¢T,e;>= _ﬁ(atgij — L59ij)-
The Ricci tensor can be expressed in term of N, 5,g and K :

Proposition 3.2.3. Decomposition of the Ricci tensor associated to g:

Rij = Rij + KiK' —2K;'Kjy — N7 (Ley Kij + Vi0;N), (3.2.1)
Roj = N(0; K", — VzK"}), (3.2.2)
Roo = N(9o(K")) — NK;; K 4 AN), (3.2.3)

Scalar curvature

R=R+ (§YK;;)> + KYK;; —2N"'0y(K";) —2N"'AN. (3.2.4)
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Proof. We give only the proof of the first equality. We begin by proving the Theorem Egregium of
Gauss

Rijri =<V;Vjer — V;Vier, ep>
=<Vi(Vje — K;;T) — V,;(Vie; — KyT), e>
= Ry — Ky <V, T, ep> +K; <V,;T,ep>
= Riju + Ki; Kir, — KuKjy.
and consequently
Rij = QWR,u'uj
= " (Rurj + Kij K — K Kyj) + g"°N(Ley Kij + NK'Ky; + V;0;N)
= Rij + KijK)' — K/'Kj; — N"Y(L. Kij + NK;'K}j + V;0;N).
O

We look at the time derivatives in the system: they appear with K, and with £, K. This lead
to the following choice of initial data:

Initial data

The initial data for Einstein equation are a triplet (3, g, K') with
e 3 a 3-dimensional manifold
e g a Riemannian metric on Z
e K a symmetric 2-tensor

Solving Einstein equations with these data consist in finding (M, ¢) such that
xC Ma g|E =0,

and K is the second fundamental form of the embedding of ¥ in M.

Evolution equations

There is a gauge freedom in Einstein equations, corresponding to the invariance by diffeomorphism.
A natural gauge choice consist in fixing 8 and N. For example § = 0, N = 1. An other choice,
which is often used are wave coordinates, which will be seen more in detail in the end of the course,
but which we already present here to motivate our study of wave equations.
We write the Ricci tensor in a coordinate system
1

1
Ry, = _imggwf + ) (gupalal + gupaqu) + PW(g)(ﬁg, 8g)a

where H? = O,z = m(‘?@(ga”\/ |det(g)|), and O, is defined by
et(g

1

Ogte = VOVt = ———e
|det(g)

Do (V/|det(g9)g*P d5u). (3.2.5)
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In Minkowski metric, the operator [, is the d’Alembertian
Ogu = —dt* + (da')? + (dz?)? + (do®)2.
Wave coordinates consist in setting H” = 0. They can be seen as the equivalent of Lorenz gauge

for Maxwell. In wave coordinates we have

1
Ry = R/Iju = _imgglﬂ’ + PNV(g)(ag7ag)’

so Eintein equations can be written as a system of non linear wave equations.

3.3 Exercises

Exercise 1.

1. Let E, B be the electric and magnetic field, solution of the Maxwell equations in vacuum.
Let us introduce the 2 tensor on Minkowski space-time

0 £, Ey B3
—F 0 —B3 Bs
—Fy Bsg 0 —B;

Show that Maxwell equations for I/ and B are equivalent to the equations for Fiz :

Do Fgy + DyFag+ DgFyo = 0, (3.3.1)
D°Fs = 0. (3.3.2)

2. In a curved space-time (M, g), the Maxwell field is given by a (0,2) tensor F,s and Maxwell
equations are (3.3.1) and (3.3.2) with D the Levi-Civita connection associated to g. The stress
energy tensor is given by

1
Tab = Fachc - zgadeeFde

Show that D%T,;, = 0.

Exercise 2.
We consider a metric g which can be written in a coordinate system (¢,r, 0, ¢)

g = —A(r)dt? + B(r)dr® + r2(df? + sin®(0)d¢p?) (3.3.3)

1. Compute the Christoffel symbols of g.
2. Compute the Ricci tensor of g.

Exercise 3.
We consider the metric given for » > 2M by

2 2m\ !
g=— (1 _ ;n) dt? + (1 - :f‘) dr? + r2(d6? + sin?(0)d¢?).
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1. Show that it is a solution of Einstein vacuum equation.

2. Let r* = r+2mlIn(r—2m), v = t+r* and w = ¢t —r*. Express the metric g in the coordinates
v, w, 8, ¢.

3. Let v = exp(4%,) and w’ = —exp(—4=). Express the metric g in the coordinates v',w’, 0, ¢
and show that the Schwarzchild solution can be extended for 0 < r < 2m.

Exercise 4.

We are now looking for static spherically symmetric solution of vacuum Einstein-Maxwell so-
lutions, with g of the form (3.3.3) and F,s3 such that the only non zero coefficients are Fyq(r) =
7F10(7‘).

1. Show that their exists solutions under this ansatz, and that their exists M, Q such that
A=Bl=1-2M &

2. Study the singularities of A : are they coordinate singularities or curvature singularities ?

Exercise 5.
In this exercise, we want to study the timelike geodesic in Schwarzschild space-time. We consider
a geodesic, parametrized by some parameter s : x(s) = (t(s),7(s), 0(s), ¢(s)).

1. Recall the geodesic equation. Write the second order equation for #(s), and explain why,

without loss of generality, we can assume that 6(s) is constant, equal to 7.

2. Recall why, for K a Killing vector field, g(&, K) is constant along the geodesic. Show the two

conservation laws J a6
2m t

EFE={1——|— L=r*=2

< r > ds’ " s

where E and L are some constants depending on the geodesic.

3. We choose a parametrization where g(Z(s),Z(s)) = —1. Show that

1, 1 om\ [ L 1,
P2y (1-2=) (2 +1) = 2B
2" 3 ( r ) (7"2 + ) 2

4. Discuss the possible trajectories of the geodesics.

Exercise 6.

1. Prove the second Bianchi identity,
(DzR)(X, Y)W + (DxR)(Y,Z)W + (DyR)(Z, X)W =0
which can be written in coordinates

DaRbcde + DbRcade + DcRabde =0.

2. Prove the so called contracted Bianchi identities D*(R,,, — 2 Rg,.,) = 0.

3. Assume that the Ricci tensor of (M, g) is vanishing. Prove that the Riemann tensor satisfies
the following equation

DDy Rpede + 2Re" 4 Rpage + 2R’ b Reafe + 2Re! 4 Ready = 0
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Exercise 7.
We study solutions of vacuum Einstein equations of the form gog = mag + Vap Where 45 is
small.

1. Show that the linearization of the Ricci tensor around m is given by
1., 1o, 1
5Ra,3 = *58 8/[}/0([3 + 53 (&wm + 35")/04“) — iaaﬁg'y.

where 7 = g*v,5.
2. Deduce the linearization of the Einstein tensor.

3. Show that it is invariant by the transformation vog — Yap + 0a€s + 0s€, for all vector field
¢ (these transformations correspond to infenitesimal difeomorphisms).

4. We introduce ¥o5 = Yag — %’ymaﬂ. Write the linearized Einstein equations in term of ¥,3.

5. Show that the linearization of the Einstein tensor is invariant by the transformation ¥, —
Fap + 0aép + 05€q — 0ME,map for all vector field &.

6. Show that one can choose ¢ such that 9°5,5 = 0.

7. How do you write the linearized Einstein equations in this gauge 7



Chapter 4

The wave equation

4.1 The Wave equation on Minkowski space-time : solution
by spherical means
In this section, we will consider the wave equation
O*u — Au = f,

subject to initial conditions (u, d;u)|t—=0 = (g, h) where g and h are smooth functions on R™. The
unknown is a function u : R™ x [0,00) — R. On R™, there is an elegant way to solve the wave
equation, which is the method of spherical means.

4.1.1 Solution for n=1

We can solve the one dimensional homogeneous wave equation

O?u — 02u =0 in R x [0, 00)
u=g, Ou=nh on R x {0}

We write
(0t + 02)(0r — Oy)u = 0.

The solution of this equation can be written
u(z,t) = alz+t) +blx —1t)

where the function a and b should satisfy

Therefore we obtain

T+t
(g(x—i—t)—i—g(x—t))—l—f/ h(&)d¢. (4.1.1)

1
u(z,t) = 3

35
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4.1.2 Solution in 3 dimensions
We start with computations in R” for any n. To solve the wave equation

{ O?u— Au=0 in R" x (0,00)

u=g, uy=h onR" x {0} (4.1.2)

we introduce the spherical means

1 1
M, (z,7) = T /|y-—y_r u(y)dS, = o /|5|_1 w(x + r&)dSe.

where wy, is the area of the sphere of radius 1 in R", and dS,, and dS¢ are the volume form on the
sphere of radius r and of radius 1. Let us note that M, (z,0) = u(z). We calculate

Or(My(x,7)) L /5—1 EVu(x + r8)dSe

Wn

1 / n
= —.Vu(x +n)dS,
wnrn_l \m:r|n| !

r

=— Azu(x +ré)dé
Wn Jgl<1
711—n

= A, u(z +y)dy
Wn lyl<r

:rlf"Al-/ P My (x, p)dp.
0

Consequently
Oy (r"ilar]\/[u(x,r)) = A" M (z,r)

SO

(az + 2= 1@) M, = A, M,
T

If w satisfies Ou = 0 then

n—1

02 M, (x,7r,t) = (63 + 8T> My (x,r,t).
For n = 3 this yields

(07 = 92)(rM,) = 0.
Moreover for ¢t = 0 and r > 0 we have rM,, = rM, and 0;(rM,) = rMj, and for r = 0 we have
rM, = 0. To solve the one dimensional wave equation on the half line » > 0, with the Dirichlet
boundary condition at » = 0 , we can extend first the initial data and the solution on the whole
line as odd functions.

Exercise 1.
Show that a solution to the problem

02u — 92u =0 in [0,00) x x[0,00)
u=g, uy =h on [0,00) x {0}
u(0,t) =0 fort >0
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can be written, for x < t,

We obtain, for r < t

t+r
(4 OMy 7 40) = (¢ = )Mot =)+ 5 [ M, p)dp,

t—r

TM’U. (1.7 r? t) =

DN | =

Consequently if we let  — 0 we obtain
u(z,t) =0,(tMy(z,t)) + tMp(z,t)

:# /|xy_t(th(y) +9(y) + Vg(y)-(y — x))dS,,.

This formula is called the Kirchoff’s formula.

Remark 4.1.1. This method allow also to obtain a formula in dimension n = 2k 4+ 1. Indeed if

one set U(r,t) = (%Br)kfl (r%*lMu) then U satisfies also the one dimensional transport equation.

4.1.3 Solution in 2 dimensions

A solution to the wave equation (4.1.2) in 2 dimensions can be seen as a solution to the wave
equation in 3 dimension, not depending on the third variable. We set

ﬂ(xlvaaxl’nt) = U($1,$2,t), g(xlaanx3) = g(xlax2)3 h($17m25x3) = h(xlva)'

We note also z = (x1,z2) and & = (z1, z2,z3). We can compute

1 / o 1 9(y)
— 9(§)dS; = 7/ — D dy
Amt? Jig zi= oamt Jiy e (12— y — 2[?)2

Consequently the Kirchoff’s formula for @ yield the following formula

1 t*h(y) + tg(y) + tVg(y).(y — x)
L(w,t) dy

2mt? /12— |y — z|2

This formula is called the Poisson’s formula, and the method used to obtain it the method of
descent.

One can remark that there is a fundamental difference on how the solution is influenced by
the initial data between 3 and 2 dimension (and actually between odd and even dimensions). In 3
dimension, the solution at (z,t) depends only on the initial data in an infinitesimal neighbourhood
of the sphere of centre x and radius ¢. This implies for instance that if the initial data are supported
in a compact set, after a long enough time, the solution will vanish in this compact. It is not any
more the case in two dimensions ! As an example, one can compare the propagation of sound which
obey a wave equation in 3 dimensions, to the ripples made by a stone launched on water, which
obeys a wave equation in 2 dimensions.

u(x,t)
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4.1.4 Duhamel’s principle

The solution of the inhomogeneous wave equation
0?u— Au=f in R" x (0,00)
u=0, pu=0 on R" x {0}
is given by u(z,t) = f(f U(z,t,s)ds, where for all s > 0, U is the solution to

02U (z,t,5) — AU(x,t,8) =0 in R™ x (0, 00)
U(z,s,s) =0, 0,U(x,s,s) = f(x,s) on R x {s}

This principle, which is not specific to the wave equation, is called the Duhamel’s principle. It
allows to obtain a representation formula for the solutions to the inhomogeneous wave equation
thanks to Kirchoff or Poisson’s formula.

There is a drawbacks to the formula obtained via spherical means : they seem to require a
lot of regularity for the initial data. We will see an other method of resolution, which is more
robust, meaning that it can be better adapted to perturbed problems, and which highlight the
"hyperbolicity” of the wave equation, which is a property of propagation of the regularity.

4.2 The Wave equation on Minkowski space-time : the en-
ergy method

4.2.1 Conservation of energy

We start with a formal computation. Assume that u is a solution to

{ O2u— Au=F in R" x (0,00)

u=g, dqu=h on R"” x {0} (4.2.1)

If we multiply both sides of the equation by 0;u we obtain
Foyu =0,u (8,52u — Au)
1
:58t(atu)2 + div(0suVu) — Voru.Vu
1
ziat ((0p)* + |Vul?) + div(d;uVu)

Let
Et) = /]Rn((atu)2 + V) da.

The above equality yields the so called conservation of energy

E(t) = £(0) + /Ot/ 2Fdudz.

This equality shows that the more natural function spaces to study wave equations are Sobolev
spaces : in these spaces the regularity of the solution corresponds to the regularity of the initial
data.
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4.2.2 The Sobolev space H*

A very handy way to define the Sobolev spaces H*(R") is via the Fourier transform. The Fourier
transform @ of a function u € L' is defined by

w(§) = /eiim'gu(x)daj.
This definition can be extended ”by duality” to tempered distributions (noted S’).

Proposition 4.2.1. e The Fourier transform exchange derivation and multiplication : @(f) =

i&5u(§).-
e The Schwartz space S is stable by Fourier transform

e The Fourier transform is, up to a constant, a bijective isometry on L?(R™) whose inverse is
given by
1 .
_ £

More precisely, he have the Parseval equality

@ / ()o@ de = / u(x)o(@)dz.

Definition 4.2.2. Let s € R. We say that a tempered distribution u belongs to the Sobolev space
He if [ (14 [€]2)*|a(€)[?dE < co. We set then

fulla- = ([ 1+ |a|2>5|a<s>|2ds)% .

We say that a tempered distribution u belongs to the homogeneous Sobolev space H* if Joa €175 ]0()]2dE <

0o. We set then )
lully. = ([ e lacpa) "

Proposition 4.2.3. For all s € R, H®, equipped with the norm ||.|g= is a Hilbert space.

Proposition 4.2.4. If m € N, H™ is exactly the vector space of function u € L? whose derivatives
of order less or equal to m are also in L?. Moreover

Tl = [ D ll0%ull3-

la]<m
is an Hilbert norm on H™, equivalent to ||.|| gm .
Proposition 4.2.5. Let s € R

e The space D(RY) of C> compactly supported functions is dense in H*(R?).
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e Foralls <t, H' C H® and we have the inequality

v0 € [0, 1], [l gossa-on < llullfys ull57:"-

e The multiplication by a function of S is a continuous function from H? to itself.
To characterise the elements of (H*)" we will use the following proposition

Proposition 4.2.6. The map f +— (27)% < f,. >y g+ is an isometric isomorphism from H~*
to (H®)'.

Proof. Let f € H™*. The linear form
. 1 ey
¢f~u€8'—>(2T)d fud€ = (f,u)s s,

satisfies, thanks to Cauchy-Schwartz inequality

o)) < gl -l

Therefore, it can be extended to a linear form on H*.
Conversely, if u € (H®)', we can consider the linear form @ on (L?)’, defined by

u(f) =uw(A™f),

where
A H' — H'™*
For FHA+IEDE ),
and use Riesz representation theorem on L2. O

We will need in the next chapter the following Sobolev embeddings

Proposition 4.2.7. Let s > 0.

o If s > & then H*(mR?) is an algebra which continuously embeds in Co(RY) the space of

continuous functions which tend to zero at infinity.

e I[f0<s< %, let p. be the critical exponent defined by —s + % = 1%’ 1. Pe = % € [2,00][.
Then for all p € [2,p.], H*(R?) continuously embeds in LP(R?) :

3C,.s > 0 such that Vf € H*(RY), || fllr < Cpsl f]l -

o Fors= 2, H*(R?) continuously embeds in all the LP(R?) for all 2 < p < cc.
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4.2.3 Propagation of H° norms
We note [0ull e = Gpull s + X7, [0ul -

Theorem 4.2.8. Let s € R. Ifu € C([0,T], H**) N CL([0,T], H®) and Ou € C([0,T], H®) then
forallO<t<T

t
ju®l- <€ (1060l + [ [Du(r. i)
Proof. Let us prove first the inequality in the case s = 0. In this case, the equality
1
(Ouw)dpu = 58,5 ((0w)? + |Vul?) + div(duVu),

is satisfied in the sense of distributions in [0, ] x R™. We can consider for instance a cut-off function
of the form x(ex)p(t). We have

/ Ao (O)(On)dhu = — / (x(e2)¢' (1) ((Bw)? + [Vul?) + e (t)duVu.Vx(ea))
[0,T] xR™ [0,T] xR™

Consequently, letting e — 0, and using Fubbini’s theorem, we obtain

/O " o) / (Ou)udrdt = —% /0 o / ((@w)? + | Vul?) dudr,
which means that in the sense of distributions
%5@) = /RQ(Du)atud:v < || Oul| 2 /E(®),
so 4.\/€(t) < || Oul| 2, which implies

[0u®) > < C([|0u(0) ]2 +/0 1Bu(7, )| L2d7).

In the case s # 0, we use the operator A® and notice that JA%u = A*Clu : we can apply the

case s = 0 to A®u to obtain the desired result.
O

4.2.4 Existence and uniqueness of solutions

We can now state a theorem about existence and uniqueness os solutions to (4.2.1).

Theorem 4.2.9. Let s € Z and f € H*TY(R"),h € H*(R"),F € C([0,T), H®). There exists a
unique solution to (4.2.1) in C([0,T], H**1) N CL([0,T], H®).

Proof. We first prove the unicity : if u and v are functions in C([0,T], H¥*1) n C([0,T], H®)
which satisfy (4.1.2) then u — v is in C([0,T], H**1) N C*([0, 7], H*) and satisfy O(u — v) = 0,
((u —v), 0¢(u — v))|t=0 = (0,0). Consequently Theorem 4.2.8 yields for all ¢

10(w = 0)(#) ||z =0,
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which implies © = v. We now prove the existence. If the initial data are regular enough, we can
obtain a solution with the method of spherical means. A more suited way would be to use the
Fourier transform to obtain an other representation formula. Formally, taking the space Fourier
transform of the equation (4.2.1) we obtain

opu—|EPa=F

Solving this differential equation at fixed & with initial data @(0,&) = f(€), 9,i(0,€) = h(€) we
obtain X
h(§)

a(§) = 2mle]

sin(27te) + f(€) cos(2mte) + /0 I;(;é) sin(2n(t — s)¢)ds.

We can check a posteriori that the inverse transform of the above formula is a solution to (4.2.1)
which is in C([0,T], H**Y) n C*([0,T], H®).
O

4.2.5 Finite speed of propagation

Theorem 4.2.10. Let u € C([0,T], H*™) N CL([0,T], H®) be a solution of (4.2.1) such that for
some xo,tg < T we have (f,h)|B(ot0) = (0,0) and Flg(zy,ty) = 0 where K(zo,t0) = {(z,t) €
R™ x [0,t0]; | — xo| < tg —t}. Then u is zero in K(xo,tp).

Proof. We can apply Stokes theorem to
1
f@tu = §8t ((8tu)2 + |VU|2) + d’LU(at'LLVU)

in the domain K (zg,t9) U[0,¢]. O

4.3 The wave equation with variable coefficients
In this section, we will look at solutions of

{ Ogu=F inR™ x (0, 00)

u=f, Ou="h onR" x {0} (4.3.1)

where g is a Lorentzian metric. We recall that

1
Ogu = DYOpu = ————0,(g"?\/|det(g)|0pu).
’ Vldet(g)]

4.3.1 Energy identities

There is a geometric way of seeing the energy identities for solutions to the wave equation Oju = F,
where ¢ is a Lorentzian metric on a maniflod M. The stress energy-tensor of the scalar field w is
given by

1
Qap = Oqudgu — igagg“”é?uu&ju.
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We can compute the divergence of @ :

D*Qap =0suD“0qu + 0quD*0gu — gapg"”’ 0, uD“0yu
=0guldgu 4+ OquD“0pu — g"” 0, uDg0,u
=0guldgu + OquD*0gu — g"” 0, uD, 0pu
=0gullyu

where we used that D, 0gu = Dg0,u. Consequently, if we contract with a vector field T we obtain
1
T(uw)Ogu = TP0sulyu = T D*Qup = D*(TP?Qap) — QupD*T? = DY (TPQup) — gQaﬁTﬂw,

where 7' is the deformation tensor of T', which we recall is zero if T is a Killing vector field.

Let us assume that M can be foliated by space-like hypersurfaces 3;, indexed by a time function
t. Let T be the vector field of unit normal to ¥, and let apply Stokes theorem in the region
Uselo,)2s- We have

1
/ T*TPQqapdvoly :/ TTPQqpdvoly +/ (QQQBTW“’B + FT(u)) dvoly.
pIp o Use[o,4]Zs

Proposition 4.3.1. We will assume, to simplify the geometric considerations, that we have a global
coordinate chart (t,z") in which

, (4.3.2)

co| —

‘gaﬂ - moz6| <

We assume also that 9,9 € L'([0,T], L=(R™)), F € L*([0,T], L*(R™)), (f,h) € H*(R™) x L*(R").
Let w € C([0,T], H) N CL([0,T], L?) be a solution of (4.3.1). We have

t t
l[w; Ovull ga (memy L2y (8) S (||f7hH1(R7L)xL2(R7L) +/o ||F|L2(R”)(3)d3> eXP(/O 10291l L= ) (5)ds).-

Proof. Let T = ;. Then we have T*T?Qup = (0:0) — 3900 (¢°°(0:0)? + 97 0;00;¢ + 29 0,$0;9).
Under the hypothesis (4.3.2) their exist a constant C' such that

1

C((0ru)? +|Vul?) < Qoo < =((0pw)? + |Vul?).

Q]

We also calculate
O Tap = (L0,9)ap = Orgas.

Consequently we have the estimate
|Qas” as| < C((83u)? + |Vul)*|9rgas-

We have calculated

Qood’UOlg = QoodUOlg —|—/

1
(Qagatﬂ'aﬁ + Fatu> dvol,.
Do o Uselo,4]2s

2
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We will note |9u|? = (9yu)? + |Vul?. We have

t
[ @par<c | (llatgmms) /
= 0 z

Using the inequality 2ab < ea® + éb2 we write

t 1 t 2
sup / (au)gdx < C’/ 10eg|l Lo (/ (8u)2dac> ds + — (/ ||F||L2(Eg)d8>
sefo,t] /= 0 by € \Jo '

2) d8+/2 (Ou)?dz.

(4.3.3)

Owide + [Flizgsy ([ 0wPe)

s s

s s

+e sup / (8u)2dx+/ (Ou)?dz.
1%, P

s€(0,t

The term with a factor € can be absorbed by the left hand-side. We conclude with Gronwall lemma
that we recall in the next paragraph. O

We recall here Gronwall lemma

Lemma 4.3.2. Let ¢,¢ : [0,T] — R such that ¢ is continuous and 1) is integrable. We assume
that their exists A > 0 such that for all t € [0,T

ft) <A +/0 f(s)g(s)ds.

Then we have

£(t) < Aexp( / o(5)ds).

Corollary 4.3.3. Let m € N. In addition to the hypothesis of Proposition 4.3.1 we assume
dg € LY([0,T],C™(R")), F € LY[0,T], H™(R")), (f,h) € H™ L (R") x H™(R"). Let u €
C([0,T], H"*1) n CY([0,T], H™) be a solution of (4.3.1). We have

t t
10l gy (8) < (nw,hnHm(Rn) ; / ||F|HWL<RW,><s>ds) exp( / 10glcom gy (5)ds)-
Moreover
t t
lullg < (1+7T) (f,h||Hm+l<Rn>XHm<Rn> 4 / |F||Hm<w><s>ds) exp( / 109l ey (5)dls).

Proof. We write the equation for V™u, any space derivative of order m : O,V™u = [0y, V™ |u +
V™F and we apply Proposition 4.3.1. For this purpose, we have to estimate [y, V"' ]u in L?. We
can write

10, V™ Jul S > 0" dul|o" g]..|0" g,

io+i1+...+im<m+1, ip<m

And consequently
I[0g, V™ ull2 < C(llgllgm+)|Oul| grm.
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Consequently (4.3.3) written for V"u yields

t
10ullFrm (s, < € (IWUII?W(EO) +/0 (Cllgllem+)llOullzm + VmF||L2|8UHm)dS>

Once again we can conclude with Gronwall.
The estimate for ||u||z2 which is what is added in the second estimate of Corollary 4.3.3 is a
consequence of

t
[ull 2z, < llullzz (o) +/ 10|z < [lullL2(z0) +t?ur]>|\3tUHL2~
0 0,

4.3.2 Existence of solution to (4.3.1)

The energy identities of Proposition 4.3.1 and Corollary 4.3.3 show directly the unicity of the
solutions to (4.3.1). In this section we will see how, by duality, these a priori energy estimate can
give us the existence.

Theorem 4.3.4. Let m € N. In addition to (4.3.2) we assume Og € L'([0,T],C™*2(R")), F €
LY([0,T], H™(R™)), (f,h) € H™ Y(R™) x H™(R™). Their exists a unique solution

ue C([0,T], H™ Yy nc'([o,T], H™),
of (4.3.1).
The proof will proceed by duality, using Hahn Banach’s theorem that we recall here

Theorem 4.3.5. Let G be a subvector space of E, a normed vector space, and g : G — R be a
linear continuous form of norm ||gllc' = sup,eq, <1 9(x). Then there ezists a continuous linear

form f € E' such that f|G =g and || fllg = |l9lle -

You may find the proof in [1] We will need also a-priori estimates for solutions of (4.3.1) in
H=™,

Lemma 4.3.6. Let m € N. In addition to the hypothesis of Proposition 4.53.1 we assume Og €
LY([0,T],C™T2(R™)), F € LY([0,T], H-™(R"™)), (f,h) € H-™TYR") x H~™(R"). Let

ue C(0,T], H=" Yy nc'([o,T), H™™),

be a solution of (4.3.1). We have

t t
10wl 11-m (1) S <||Vfah||Hm(]R") +/0 IIFIIHm(Rn>(S)dS> exp(/o [0g]lcm+2 () (5)ds).
(4.3.4)

Proof. We proceed by induction on m : we know from Corollary 4.3.3 that the property is true
for m = —1,0. We will now prove that if (4.3.4) holds for some my, it holds for mg + 2 : Let
we C([0,T), H-™ =Y NnCL([0,T], H™~2). Let

v=Au=(1-A)"tueC(o,T1],H-")nC(0,T], H ™)
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We have

Hau||H—mo—2(R")
=||0v|| gr-mo

t t
< (||A2w, P / |ng|Hmo<W><s>ds) exp( / 109l g (5)ds).

We can write
Oyu=(1—-A)dgv+[1—A,Ogv.

Moreover, [1 — A,Oy]v is a sum of products of up to 2 derivatives of dg and up to 2 derivatives of
dv. We can use the result of Exercise (4.4) which says that

labll -+ < Cllallo+[[b]] mx

to write
1060l g-mo =[(1 — A)Bgv|| gr-mo+2
< N0gullgr=mo+2 + [I[[L = A, OgJvl| gr-mo+2)
< 0gull g-mo+2 + C([|0gllcmo+a) O] =m0
so once again we can conclude with Gronwall lemma. O

We are now ready to prove Theorem 4.3.4.

Proof. We consider first the case where f = h = 0. Let E = LY([-1,T], H-™"!) and let G be
the subset of E which consists of functions w such that their exists v € C°((—1,7T),R™) such that
w=0g4vin [0,7] x R". Let ¢ : G — R defined by

(w) = /0 ! / wFdvol,,

T
|B(w)| < / TP T —

T T
<C(T,9) </0 ||F||Hm(Rn)dt> (/o ”DQUHHml(R")>

T
<CO(T,9) </0 ||F||HM(R")dt> lwll Lt ((=1,77, -1 (®R"))-

We have

where we have used the energy estimate on C([0,T], H=™) N C*([0,T], H=™~!) for the backward
solution v to the equation Ogv = w with data (v, 0yv)|t=r = (0,0).

Consequently, with Hahn-Banach theorem, we know that there exists ® € L!([-1,T], H-™~1Y,
which coincides with ¢ on G and such that |®| < C(T, g)(fOT |E||gmdt). ® can be represented by
a function u € L>°([—1,T], H™!) which satisfies, for all v € C2°((0,T) x R")

T T T
/ / vFdvol, = / / udgvdvoly = / / (dgu)vdvolg,
0 n O n 0 n
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which yields Oyu = F on [0,,T]xR"™. Moreover, for all h € C2°((—1,0)xR™) we have [ uhdvol, = 0,
which yields u(t,2) = 0 for ¢ < 0. We can write, for all v € C°((—1,T) x R™)

T T T
/ / Fudvoly = / / (dgu)vdvoly = / / g°P 8, udgudvol,.
O n 71 n 71 n

T
/ 1 / CN@N@) < CFlLs om0l o.ry -+ Il oz 1900 2oy )

This yields

SCIN @)l Lo, 17,5415 5

where we have noted N the normal to ;. This yields du € L*>([0,T],H™ 1), and so u €
C([0,T], H™~1). Thanks to the equation ,u = F we have also 07u € L>([0,T], H™?), and so
uw € CL([0,T], H™?). This allows us to conclude that (u,d;u)|;=o = (0,0)

Let us now consider the case F' = 0 but f and h non zero. Let v(z,t) = f(x) + th(z). We
have Ogv € L'([0,T], H™"!). Thanks to what we have done above, we know that their exists
Oyw = —Ogv, and (w, dyw)|t=o = (0,0). Let now w = w + v : it is a solution to the equation.

For the moment, we have shown existence of solutions with an apparent loss of regularity. To
prove the propagation of the desired regularity, we can approximate F, f, h and the metric g by
smooth function and metrics F,,, f,, h, and g,. For all n, what we have done above allows us to
find u,, € C1([0,T], H) for any k, solution of

Oy tn = F, in R x (0,00)
Up = fn, Opty, = hy, on R™ x {0}

Then Corollary 4.3.3 allows to show that u,, is a Cauchy sequence in C*([0, T}, H™)NC([0, T], H™T1).
The limit is our solution v and has the desired regularity. O

4.4 Exercises

Exercise 2.

The aim of this equation is to derive the conservation laws for the wave equation. Let (M, g)
be a Lorentzian manifold. We consider a solution to the wave equation [Jyu = 0. We recall that
Ogu = D*0qu.

1. Let T,,, = 0 ud,u — %gwaauﬁau. Show that D*T,,,, = 0.

2. Let K be a Killing field for the metric g. Show that D#(T,, K") = 0.

3. We consider now the case (M,g) = (R**3,m), and Ou = 0. Show that the above formula,
with K = 0; yields the energy identity when integrating over a space-time slab. What do you
obtain with K the other Killing fields of Minkowski metric 7

Exercise 3.
The aim of this exercise is to show that H® is an algebra for s > 3.

1. Let u,v € S(R™). Show that F(u * v) = F(u)F(v). Where we have noted F the Fourier
transform, and * the convolution

wrv(o) = [ ulg)ole ).
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Deduce F(uv).

2. We want to show that H*(R") is an algebra for s > %. Let u,v € S : express the H* norm
of uw.

3. Show that for s > 0 we have
(L+1E*)? < Co(+ 18 =nl*)2 + A +[n*)?).

4. Use Minkowski inequality

(/ (/s <x’y)dm>2dy>% <[(/ f(af,y)Qdy)édx

to prove that, for s > 0
luvl[ms < Cs([[Fulllollas + 1 Fol o [lullms)-
5. Conclude that H* is an algebra for s > 7.

Exercise 4.

Let u be a solution to the wave equation [Ju = 0 with smooth compactly supported initial data
(u, Opu)|t=0 = (uo, u1)-

1. Show that O0Zu = 0 for Z € {804,9&,/3,5} where Qij = Iiaj - xj&, Q()i = t(% + xiﬁt,
S = t0; + r0,, with r the polar coordinate r = |z|.

2. Show that ||0Zu(t)]| 2z < C(ug,u1).

3. We have the following inequality, called Klainerman-Sobolev inequality for functions in R™ :

n—1 1
(Lt+r) = (L= th2f(La) < Co D 12 lizn)

MESSS
Deduce a decay estimate for the solution u to the wave equation.

Exercise 5.
1. Let u € H™(R™) with m € N. Show that for all v € C$° we have

[wvl[zm < loflom ||l gm.
2. We now assume u € H~"™ with m € N. Show that
[uv|[gr=m < |[v][em||ullg-m.

Exercise 6.
We recall that the metric in the exterior of a Schwarzschild black-hole can be written

2M oM
g=—(1- T)dt2 +(1— 7)—1dr2 + r2(d6? + sin?(0)dp?).
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1. Express Ogy¢ in the coordinates (¢,7,6, ¢).
2. % is a Killing field : what is the conserved energy associated to it ?

3. We consider a solution to Oy¢ = F', with initial data (¢, 0,¢)|i=0 = (uo,u1) : what estimate
do you obtain on ¢ ?

4. Recall the expression of ¢ in the coordinates ¢, 7*, 8, ¢ where r* = r+2mIn(r—2m). Show that
if ¢ satisfies Og¢ = 0 and (¢, 0:¢)|—o is zero for a < r* < bthen ¢(t, ) is zero for b+t < r* < a—t.

Exercise 7.
The aim of this exercise is to prove Klainerman Sobolev inequality.

1. Show that for all function f : R**! — R we have
1
Ouftz) < —— S|z
ouS 61 < T 2 12
where Z = {04, 0.3, 5}

2. Let f € C(R™M1). We write
f=h+f

x5 =0

and x is a cut-off such that x(p) =1 for p < % and x(p) = 0 for p > % By applying the Sobolev
embeding H*(R™) C L>(R") for s > 5 to f; = fi(t,tx). show that

where

|f1(t,z)] S Z 1tV fill L2 @n)-

le| <[5

~
wls| M

3. With the first question, deduce that

AGDIS D 12 Al

lel<[ %1

4. We consider fo. Using the following inequality (where we note by € the coordinates on the
sphere),

T

(1+t+7‘)(1+It—r|)(f2(t»7"»9))2§ﬁ 8p (L4t + p)(1+ [t = pl) fa(t, p, 0)%) dp,

2

the standard Sobolev inequality on the sphere and the first question, show that fy satisfy the
Klainerman Sobolev inequality
n=1 1
A+t+r)7 A+l —t)2ft2) < Cu D 12" fllza@n)-
[I1<5+1

5. Conclude.
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Chapter 5

A local existence result

5.1 Local well-posedness for a semi-linear wave equation

In this short chapter, we want to show local existence of solutions for a non linear equation of the
form

— 2 : d
{ Ou = (Osu)?, nR*xR (5.1.1)

(u, Ou) = (ug,u1) in RY x {0}

This equation is a toy model for Einstein equations. Our analysis can easily be generalized to
equations of the form Ou = F(x, u, du) where F' is a smooth function of its arguments. The aim of
this chapter is to prove the following theorem.

Theorem 5.1.1. Let s > % and let (ug,u1) € H**' x H*. There exists a time T > 0, dependant
only on ||ug||gs+1 and ||ua| g= such that there exists a unique solution to the equation (5.1.1)

u € C°[0,T], H*t) n C* ([0, T), H?).
Moreover, the solution depends continuously on the initial data. Ifuéi), ugi) s a sequence of functions

which tend to ug,uy in Ht' x H® as i — oo, then the corresponding solution u'? tends to u in
C°([0,T], Hs1) nC*([0,T), H?).

Remark 5.1.2. When we have such a theorem, we say that the equation is well posed in the space
Hst x H.

In the following, we note X3 = C°([0, T], H**1) n C1([0,T], H?) and

[ullxg = sup ([Ju(@)[| g+ + [u(t)|a:) -
te[0,T)

Let us now prove the theorem.
Proof. We will construct iteratively a sequence of approximations of the solution, and show the

convergence of this sequence on a time interval [0, 7] where T will be chosen in the process, small
enough compared to ||ugl|gs+1 and ||uy | g-.

o1
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We start with «(®) the solution to the homogeneous equation Cu(®) = 0, with initial data
(w®, 04 |1—o = (ug,u1). Once ul™ is constructed, we take u("*) to be the solution of the
inhomogeneous linear equation

Ou™+D = (9,u(™)?,

with initial data (w1, 9u D) |—g = (uo, u1).
The strategy is to show that for T small enough :

e the sequence u(™ is uniformly bounded in X7,
e the sequence u(™ is a Cauchy sequence in X7
We start with the first point. It is sufficient to show the existence of some A > 0 satisfying
1
™z <A = TV lag < A

Using the energy estimate given by Theorem 4.2.8 we can write

T
HUnJrlHX; <C <||u0||HS+1 + HU1HH5 +/0 ||(5fu(n))2||Hs> .

In the proof, we will denote by C' any numerical constant, which may not be the same in every line,
the important point being that it does not depend on the functions we consider. We recall that,
for s > g, the Sobolev space H? is an algebra. Consequently

1@ ™)? ||+ < Cll(@u ™) < CA®,

and we can write
[u" s < C (luoll g+ + [Jua || gs + TA?%).

By taking
A =20 (Jluoll gresr + [lual[12)

and then choosing T small enough such that

TCA <

N |

we obtain
[ |y < A,

which prove the first point. Let us not that the condition we have on T at this stage is

C

= Nuollga+r + lJuall e’

where again C' is some numerical constant.
Let us now prove the second point. We will show iteratively that

2A
(n+1) _ u(")llx; < 2=

HU’ — 9on’
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We note that A, which has been defined on the first step, is chosen such that this property is
true for n = 0. Assuming that it is true for n— 1, we consider the equation satisfied by u("+1) — (")

D(u(nJrl) - u(n)) _ (atun>2 . (aﬁu(nfl))Z’
with zero initial data. Consequently the energy estimate yields

T
|

D) — u(”)||x; SC’/ (&u” + 3tu(”71)> (3tun - atu(n71)> [l £2s
0

§QC’TA22—21

where we have used again the fact that H® is an algebra. By taking T such that 2CTA < 1, we
can conclude the proof by iteration.
This show that u(™ is a Cauchy sequence in X7, which is a Banach space, so u(™ has a limit
u, and this limit satisfies (5.1.1).
O

5.2 Exercises

Exercise 1.
The aim of this exercise is to show a local existence result for a quasilinear equation, that is to
say an equation in which the coefficients of the second order terms depend on the solution itself.
Let s € N with s > 3. The aim of this exercice is prove that when the parameter € > 0 is small
enough, their exists 7 > 0 such that for all (ug,u;) € H*1(R?) x H*(R3) with

| (wo, 1) || pretr s <1

their exists a unique u € C([0,T], H*T) N C*([0,T], H®) solution of

{ Ou = —¢ (9, (4, ) + Dy (U, 1)) (5.2.1)

(u, Opu)|t=0 = (uo,u1)
where Ou = —92u + Au.
1. Let w € C([0,T), H*TY) N C*([0,T], H*) . We consider the metric g defined by

g=—(1+euw)dt® + (dz1)? + (dz2)? + (1 + eu)(dz3)>.

Calculate (¢ for any function ¢, and show that Ogu = 0.

2. Let m > 0. We assume that u, d;u are bounded in C™*+3 . Recall why, for £ > 0 small
enough their exists a unique solution ¢ € C([0,T], H™!) N C1([0,T], H™) to Oy¢ = 0 with
(¢,0:0)|i=0 = (¢0,¢1) € H™ ' x H™.

3. We consider still the equation (y¢ = 0. We note V¢ = 031092093 ¢ and |a| = a1 + o+ as.
Show that we can write

Dva¢ +e€ (811 (uazlva¢) + aLfQ (ua$2 Va¢)) =F”

with [FOL < C3 514y < al Sonmo Soveo V20,0V 70,8
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4. Show that

1E¥ 2@y < CUIOU]| 191,108l it + 1001l 151, 10ull rie)-

5. Deduce that for |a| < s we have

[1F“) 2 sy < CllOul g+

O¢||

We assume (ug,u1) smooth and compactly supported. We want to construct a sequence u(™)
by induction. We take () = 0 and «(**1 to be the solution of

{ Du+) = —¢ (9, (u™ By, w1 + 8y, (u™ Dy ulv+ D)) (5.2.2)

(’LL, atu)‘t:() = (u07 U1)

6. Show that for € > 0 small enough, their exists 7" > 0 such that the sequence is well defined
in C([0,7), H*TY) N C([0,T], H®) and their exists A such that

(™, 8 ™) || o1 scre < A

7. Show that, up to the choice of a smaller T', u(™ is a Cauchy sequence in C([0,T], H') N
C([0,T],L?) .
8. Conclude (also in the case of (ug,u;) only in H5T1(R3) x H*(R3)).

Exercise 2.

The aim of this exercise is to show that for some non linear equations, when the initial data are
sufficiently small, the solution exists for all time.

We consider the equation Cu = (9;u)?, on R*H! with initial data (u, dsu)|i—o = (sug,cuy) with
(up, u1) smooth compactly supported functions. The aim of the exercice is to show that their exists
€o such that if 0 < e < gq the solution exists for all time.

We recall that the vector fields in Z = {0, Qa g, S} satidfy [0, Z] = ¢(Z2)0, with ¢(Z) = 0
except ¢(S) = —2. We recall also the Klainerman-Sobolev inequality

n-1 1
L+t+r)7 L+l —t)2|f () <Cn D> 12" fllze@n-
<341
Let N > 6.
1. Show that their exists T' > 0, such that the solution u exists on [0, 7] x R* and satisfy

> 102l < 240e.
[I|<N

where Ag is such that the above inequality is satisfied at ¢ = 0.
Let T be the biggest time satisfying the above condition. Let us assume that 7' < oo and find
a contradiction for € < g¢ (to be determined).
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2. Show that for |[I| < N — 3 we have

(1+1)%|02 u| < CAge.

3. Show that
Z'ow)’|<C Y |027u0Z ).
I+ K |<1]
4. Deduce that for |[I| < N
12" (9ru)?| = > 1077,
(1” ) =i
and .
[ 12102 < Cne)®
0
5. Conclude.

6. What would be the result in R3*1 ?
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Chapter 6

Choquet Bruhat’s theorem

The aim of this final chapter is to show that the initial value problem for Einstein equation is
well-posed : given initial data which are sufficiently regular, one can find a unique local solution to
Einstein vacuum equation which induce this initial data set. A good intuition of the problem can
be obtained with the study of Maxwell equations.

6.1 Preliminaries : Maxwell’s equations in Lorentz gauge

We recall Maxwell equations in vacuum

0B
ANE =—— 6.1.1
v B (611)
OF

ANB =— 6.1.2

vip=22 (612)
V.E =0, (6.1.3)
V.B =0. (6.1.4)
The initial data, are (Ep, Bp) at time ¢t = 0. These data are not arbitrary since the equations (6.1.3)

and (6.1.2) should also be satisfied by Ey and By.
To solve Maxwell equation, we introduce the electromagnetic potential. From the equation
(6.1.4) we can write that B is the rotational of some vector A :

B=VAA.
Then from the equation (6.1.1) one can write V A (E + %) = 0, and this yields

DA
E=—"7r +VV,

for some function V. We now give the equation (6.1.2) and (6.1.3) in term of A and V

—QVA—FAV =0

ot
24 0
V(V.A) =A== 55+ 2V,

o7
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There is a gauge freedom in the choice of A, V. Indeed a transformation of the form
A— A+ Vy, V -V +0x

does not change the value of E and B. We can use this freedom to impose a condition on A and
V' to write the equation in a more tractable form. A possibility is to work in Lorentz gauge, that
is to say under the condition

V.A=0,V. (6.1.5)
Under this condition, the equation for A and V are simply
0A =0, av =o. (6.1.6)
The strategy to solve Maxwell equations in Lorentz gauge is the following.
e The physical initial data are (Eo, Bg) at time ¢t = 0, satisfying the constraints (6.1.3) and

(6.1.4). The initial data for the equations the potential, (V,0;V)|t=o and (A, d;A)|i=¢ are
chosen such that

— Bp=VAA,

V is free,
— Ey=—-0A+VV
The Lorentz gauge condition is satisfied at t =0: 0,V = V. A.

e We solve (6.1.6) with these initial data.

e We show that we have indeed constructed a solution to Maxwell equation. For this, what we
need to show is that the Lorentz condition (6.1.5) remains true for all time. We note that we
have

0(8,V — V.A) = 0.

Therefore, by unicity of the solutions to the wave equation, it is sufficient to show that initially,
we have

BV —V.A=0 (6.1.7)
8:(0,V — V.A) = 0.

The first condition is ensured by the choice of 9;V at time ¢t = 0. For the second, we use the
equation OV = 0, and the initial condition on 9; A to write

Since Ey is assumed to satisfy the constraint V.Ey = 0, the initial condition (6.1.8) is satisfied.
The Lorentz condition is true for all time, and we have solved Maxwell equations.
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6.2 Local well posedness for Einstein equations

We recall that the initial data for Einstein equation are a triplet (X, g, K) with ¥ a 3-dimensional
manifold, § a Riemannian metric on 3 and K a symmetric 2-tensor. Solving Einstein equations
with these data consist in finding (M, g) such that

xC Ma g|E =0,
and K is the second fundamental form of the embedding of ¥ in M. The initial data are not

arbitrary. Indeed, we have the following corollary of Proposition 3.2.3

Corollary 6.2.1. The Einstein tensor G, = R, — %Rg,“, satisfies
=h
G()j = N(aj(t’l“gK) -V Khj)
1 _
Goo = §(R+ (trgK)? — | K]?),

where R is the scalar curvature of g.

Consequently, the equations Go; = 0 and Gg only involve g and K and should be satisfied by
the initial data. They can be seen as the equivalent of (6.1.3) and (6.1.4) for Maxwell equations.

The Theorem we will be interested in is the following, due to Choquet-Bruhat [5] for the local
existence part, and to Choquet-Bruhat and Geroch [2] for the uniqueness part.

Theorem 6.2.2. Let (X,g,K) be smooth initial data, satisfying the constraint equations. Their
exists a unique, mazximal, globally hyperbolic solution to the Einstein equation, (M, g) corresponding
to these initial data.

Let us explain a little this theorem.

e By globally hyperbolic, we mean that every curve which is timelike and inextendible should
intersect 3, which is an hypersurface of M. We say also that X is a Cauchy hypersurface for
M.

e By unique and maximal, we mean that every other solution with these initial data can be
isometrically embedded in M.

We will give the main ideas of the proof of this theorem, which is based on the use of wave
coordinates.

6.3 Einstein equations in wave coordinates

We have the following lemma.

Lemma 6.3.1. In any coordinate system x®, the Ricci tensor can be written

1 1
Ruv = _gmgguu + 5 (g,upava + gupa;LHp) + P/_w(g)(aga ag)v

where

HP = Og2” = ———— 0, (6% /[det(g)]),

|det(g)]
and Py, (9)(0g,0g) is a quadratic form in the first derivatives of g.
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Proof. We recall the expression of the Ricci tensor in a coordinate system

— (e « a 1B a 7p
Ry = 0.1, — 0,0, +T9,I7, — T, T8

and the expression for the Christophel symbols

1
FZB - §9W(6a9pﬂ + 989pa = Opgap)-

Therefore, we can compute (as in the exercise on the linearized Einstein equations)

1 1 1 ~
R;w = 7590‘68&659‘“” + igaﬁ(aﬂaﬁgua + 8u859a#) - §ga66,uauga5 + le(g)(ag, 69)7

where ]BW (9)(0g,0g) stand for the quadratic terms. We note that g*?9,059,., is equal to 0,g,.,
plus a quadratic term in dg. Consequently, if we write

1
H® = 059" = 597095,

we can write

1 1
Ryy = =5U0gguw + 5 (9000 H” + 900, HP) + P (9)(9g, 09).
We also note that
HP = —gO‘BFZB = V@02’ = Oga”.
This concludes the proof of the lemma. O

The wave coordinate condition consists in taking H” = 0, to remove all the second order term
in the equations, except the one which can be written as a wave equation. If H? = 0, then Einstein
equations can be written

Og9uv = P (99, 9g). (6.3.1)
This is analogous to the Lorentz gauge for Maxwell equations. The strategy to solve Einstein

equation in wave coordinates is the following.

e The physical initial data are (g, K). To solve (6.3.1) we need the initial data for g, and 0;g,.,
at time ¢t = 0. We choose them with the following process.
- We take gij = gija
— goo and gg; are free : we can choose ggp = —1 and gp; = 0 without loss of generality,
We take 8tgij = K”

We choose 9rgop and J;go; in order for the wave coordinate condition to be satisfied at
time ¢ = 0.

e We solve (6.3.1) with this initial data. Since it is a nonlinear equation, the time of existence
T is a priori only finite. As the semilinear model we have studied, the equation (6.3.1) is well
posed in H5t! x H® with s > %, under the additional condition that |g;; — ;5| < %.

e We now have to check that the metric g, whose coefficients are given by the solution of (6.3.1)
is indeed a solution to Einstein equations.
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Let us describe this last point. What we need to show is that the wave coordinate condition is true
as long as the solution exists. We consider the metric g we have constructed : we can calculate its
Ricci tensor

1 1 X
_§Dggm/ + 5 (gupaqu + gupaqu) + P;uz(g)(aga 89),

1
95 (9upO H” + 91,0, H")

RVV

where we have used the wave equations satisfied by g. Let us now recall the contracted Bianchi
identity, which are always satisfied by the Einstein tensor of a metric

1
VH(R, — ing) =0.

Replacing the Ricci tensor by its expression in term of H, we obtain for H a system of linear,
homogeneous wave equations with variable coefficients. By unicity of the solution, it is therefore
sufficient to check that the initial data vanish at time ¢ = 0. The condition H?|;,—g = 0 is ensured
by the choice of d;goo and 9;gp;. To obtain the remaining condition, 9; H?|;—o = 0, as for Maxwell
equations, we look at the constraint equations. We have that, at time t =0

1
Rog — 53900 =0, Ro; = 0.

Again, the Ricci tensor can be expressed in term of 0H, and here more precisely in term of 0, H,
since H vanishes at time zero. The condition we obtain on 0; H can be inverted, yielding the desired
initial condition 9, Hf_, = 0.

So far, we have prove the local existence of solutions when there is a global coordinate chart on
3> on which the initial data are close enough to the Minkowski metric. In the general case, we can
consider, for any point p € X, a coordinate chart around p in which at p, g;; = d;;. Working in a
smaller neighbourhood of p if necessary, it is possible to assume that the space-time metric is close
to the Minkowski metric. Then, the strategy is to cover ¥ by such neighbourhood, and show that
in the intersection of two neighbourhoods, the constructed solutions are isometric to each other.

6.4 Exercises

Exercise 1.

The aim of this exercise is to construct approximate gravitational wave solutions to Einstein
equation. We study solutions of vacuum Einstein equations of the form g, = mapg + Yap Where
Yap is small. We recall that the linearized Einstein equations around Minkowski metric are

| 1, B _ 1 o e
6GHB = _58 86!’7#5 + 56 (8[3’7&;1 + 8;/7/,804) - 5771“56 ap,yap =0,

where Vo5 = Yag — %Wna@. These equation are invariant by the transformations Y,3 — Yas +
0a€p + 0p&a — 0*Emagp for all vector field €.
1. Write the linearized constraint equations : dGgg = 0, 6Gy; = 0.

2. Remember why one can choose ¢ such that 94,5 = 0. How do you write the linearized
Einstein equations in this gauge ?
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3. (& 0:)|t=0 can be choosen freely. What would be the equation for them to have initially
v =0y =0and v5; = %0 =07

4. Find some transformation to show that these equations on = can be solved (having in mind
that we know how to solve an equation of the form Au = f).

5. Write the linearized constraint equations in term of ~;; and 0yys;.

6. Using the same method as for Maxwell equation, or Eintein equation in wave coordinate,
show that the linearized Einstein equations can be solved in the wave gauge, with v = 0 and ~p; = 0
everywhere. Such a gauge is called the radiation gauge.

7. Using the equation d Rgg = 0, show that we must have 9o = 0 everywhere.

8. We now seek plane wave solutions v, = Hape n"  where Hyy, is a constant tensor field
and k, a constant 1 form. What conditions should they satisfy to have a solution of the linearized
Einstein equations in radiation gauge ?
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