INSTABILITY OF INFINITELY-MANY STATIONARY
SOLUTIONS OF THE SU(2) YANG-MILLS FIELDS ON THE
EXTERIOR OF THE SCHWARZSCHILD BLACK HOLE

DIETRICH HAFNER, CECILE HUNEAU

ABSTRACT. We consider the spherically symmetric SU(2) Yang-Mills fields on
the Schwarzschild metric. Within the so called purely magnetic Ansatz we
show that there exists a countable number of stationary solutions which are
all nonlinearly unstable.

1. INTRODUCTION

1.1. General introduction. We study the SU(2) Yang-Mills equations on the
Schwarzschild metric, with spherically symmetric initial data fulfilling the so called
purely magnetic Ansatz. This equation has at least a countable number of station-
ary solutions. Because of energy conservation, the zero curvature solution is stable.
In [11] the first author and S. Ghanem show decay estimates for small energy so-
lutions in the exterior of the Schwarzschild black hole within this Ansatz. In this
paper we show that the other solutions of the above set of stationary solutions are
nonlinearly unstable.

Global existence for Yang-Mills fields on R**! was shown by Eardley and Moncrief
in a classical result, [6] and [7]. Their result was then generalized by Chrusciel
and Shatah to general globally hyperbolic curved space-times in [5]. Later, the
hypotheses of [5] were weakened in [10].

The purely magnetic Ansatz excludes Coulomb type solutions and reduces the
Yang-Mills equations to a nonlinear scalar wave equation:

(1-22)

OPW — O2W + - W(W? —-1)=0. (1.1)

Strong numerical evidence of the existence of a countable number of stationary
solutions (W, )nen in the case of Yang Mills equations coupled with Einstein equa-
tions with spherical symmetry was shown in [1] (see also [3]). It was then proved
analytically, still in the coupled case, in [18], see also [4]. For sake of completeness,
we give an analytical proof of this fact (adapted from [18]) in the appendix of this
paper. The solution W, possesses n zeros. The stationary solutions Wy = +1
correspond to the zero curvature solution. Linearizing around a stationary solution
1
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W, leads to the linear operator

(1-2m)

Ap = —02 + TQT (3W2 —1).

In [3] it was numerically observed for the first stationary solutions that A, has n
negative eigenvalues. In this paper we show analytically that A,, has at least one
negative eigenvalue for n > 1. Writing the equation as a first order equation one
then observes that the spectrum of the linear part meets {Re\ > 0}. As already
observed for example in [16] this leads to nonlinear instability. We will describe in
Section 2 a general abstract setting for non linear one dimensional wave equations.
This abstract setting is applied in Section 3 to the Yang-Mills equation.

Instability for similar solutions of the Einstein-Yang-Mills system has been investi-
gated in [20]. Note however that this more general system possesses more instability
directions, in particular the instable linear modes which are constructed analytically
in [20] do not correspond to instable modes of our system.

1.2. The exterior of the Schwarzschild black hole. The exterior Schwarzschild
spacetime is given by M = R; X R,womm X S? equipped with the metric
2m
1—)dt?+ ————
R Ty

= N(—dt® +da?) + r’do?

g = —( dr? + r2d6* + r? sin?(0)d¢?

where
N o= (-2 (1.2)
r

and do? is the usual volume element on the sphere. The coordinate x is defined by
the requirement

dr
The coordinates t,7,60, ¢, are called Boyer-Lindquist coordinates. The singularity
r = 2m is a coordinate singularity and can be removed by changing coordinates,
see [13]. m is the mass of the black hole. We will only be interested in the region
outside the black hole, r > 2m.

dx N-1

1.3. The spherically symmetric SU(2) Yang-Mills equations on the Schwarz-
schild metric. Let G = SU(2), the real Lie group of 2x2 unitary matrices of de-
terminant 1. The Lie algebra associated to G is su(2), the antihermitian traceless
2x2 matrices. Let 75, j € {1,2,3}, be the following real basis of su(2):

_if0 1 _1/0 -1 i1 0
=5\ 10) ™7 2\1 o ) 72 0 -1 )
Note that

[7‘1,7’2]:7'3, [7’3,7’1}:7'27 [7’2,7’3}27'1.

We are looking for a connection A, that is a one form with values in the Lie algebra
su(2) associated to the Lie group SU(2), which satisfies the Yang-Mills equations
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which are:
DWFs = v, F8 4 [A,, F*P] =0, (1.3)
where [, .] is the Lie bracket and Fi, s is the Yang-Mills curvature given by
Fop =VaAp — VA, + [An, Agl, (1.4)

and where we have used the Einstein raising indices convention with respect to the
Schwarzschild metric. We also have the Bianchi identities which are always satisfied
in view of the symmetries of the Riemann tensor and the Jacobi identity for the
Lie bracket:

DMF,, +DMVF,, + DVE,, =0. (1.5)

The Cauchy problem for the Yang-Mills equations formulates as the following: given
a Cauchy hypersurface ¥ in M, and a G-valued one form A, on ¥, and a G-valued
one form E, on ¥ satisfying

Et = 07

we are looking for a G-valued two form F),, satisfying the Yang-Mills equations
such that once I}, restricted to X we have

F.=E, (1.7)

and such that F},,, corresponds to the curvature derived from the Yang-Mills poten-
tial A,, i.e. given by (1.4). Equations (1.6) are the Yang-Mills constraints equations
on the initial data.

Any spherically symmetric Yang-Mills potential can be written in the following
form after applying a gauge transformation, see [8], [12] and [21],

A = [-Wi(t,r)m — Wa(t,r)12]d0 + [Wa(t,r) sin(0)my — Wi(t,r) sin(0)72)d¢
+ cos(0)7sde + Ao(t, r)Tadt + Aq(t, r)713dr, (1.8)
where Ag(t,r), A1(t,r), Wi(t,r), Wa(t,r) are arbitrary real functions. We consider

here a purely magnetic Ansatz in which we have Ag = A1 = Wy =0, Wy =: W.
The components of the curvature are then

For = W/Tla

For = W7'17

Fye = W'sin(0)m,

F¢t = WSin(e)T27

F, = 0,

F9¢ = (W2 — 1) Sin(a)Tg.

This kind of Ansatz is preserved by the evolution. Also the principal restriction is
Ag = A; = 0. The constraint equations then impose that W; is proportional to
Wa, a case which can be reduced to Wy = 0. We refer the reader to [11] for details.
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1.4. The initial value problem for the purely magnetic Ansatz. We look
at initial data prescribed on ¢t = 0 where there exists a gauge transformation such
that once applied on the initial data, the potential A can be written in this gauge
as

At(t = 0) = 0,

A.(t=0) = 0,

Ap(t=0) = —Wo(r)m, (1.9)

Ag(t=0) = —Wy(r)sin(8)ms + cos(d)rs,

and, we are given in this gauge the following one form F,, on t = 0:

E@(t = 0) = th(O) = Wl(’l“)Tl,
Ey(t=0) = Fu0)=Wi(r)sin(f)m, (1.10)
E.(t=0) = F.(0)=0, '

Notice that with this Ansatz the constraint equations (1.6) are automatically ful-
filled

(DA By + DA, + DA B (t = 0) = 0.

The Yang-Mills equations now reduce to

W-W'+PWW2-1) = o0,
W) = W, (1.11)
8tW(O) = Wl,

where
( 2:7')
P_— T.

It is easy to check that the following energy is conserved, see also [11],

E(Wz —1)2dx.

E(W, W) :/W2+(W/)2+ 5

We note by H* = H*(R,dz) and H* = H*(R, dz), the homogeneous and inhomo-
geneous Sobolev spaces of order k, respectively.

Definition 1.1. (1) We define the spaces L%, resp. L%, as the completion of
C§°(R) for the norm

HU||‘£%D ::/P\v|4daj resp. Hv||ifp ::/P|v\2dac. (1.12)

(2) We also define for 1 < k < 2 the space H* as the completion of C§°(R) for
the norm

lull3e = IlullFe + lullZs - (1.13)

We note that #F is a Banach space which contains all constant functions. It turns
out that & := H! x L? is exactly the space of finite energy solutions, see [11] for
details. We then have [11, Theorem 1]
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Theorem 1. Let (Wo, W1) € H? x H'. Then there exists a unique strong solution
of (1.11) with
W e CY[0,00); H") NC([0,00); H?),
oW € CH[0,00); L*) N C([0,00); HY),
VP(W?—1) € C'([0,00); L*) N C([0,00); H").

We can reformulate the above theorem in the following way

Corollary 1.1. We suppose that the initial data for the Yang-Mills equations is
giwen after suitable gauge transformation by

Ay (O) = A, (0) =0,

Ap(0) = Wy,

Adg(O) = —Wysinfry + cos b3,
Eg (0) = W1T1,

E¢(0) = W1 sin 97’2,

with (Wo, W1) € H? x H'. Then, the Yang-Mills equation (1.3) admits a unique
solution F with

1 1 1 1 .72 . 1
Fo, me, Fyr, QFM,\/TD@F% e CY[0,00); L) N C([0,00); HY).

1.5. Energies. We now introduce the Yang-Mills energy momentum tensor
Ty = <FuﬁvFuB> - iguV<FaﬁaFa6>~
Here (.,.) is an Ad-invariant scalar product on the Lie algebra su(2). We have
VYT, =0.
For a vector field X* we define
Ju(X) = X"T

and the energy on the spacelike slice ¥; (3, = {t =10} ) by

EX(F(#)) = / Ju(X)n¥ds, .
3¢

By the divergence theorem this energy is conserved if X is Killing. In particular

EOF®) = [ Iu@)nds,
¢

is conserved. If F' is the curvature associated to (W, W), then
E@)(F(1)) = EW, W),

see [11] for details.



6 DIETRICH HAFNER, CECILE HUNEAU

1.6. Main result. We first recall the following result which is implicit in the paper
[3] of P. Bizoni, A. Rostworowski and A. Zenginoglu.

Theorem 2. There exists a decreasing sequence {an}neNZI, <. <ap <ap_ <

1+3
3v3+5

-1<W, <1, IEEHOO Wi (x) = an, zhHH;O Wy(z) = (—=1)".

<ap = and smooth stationary solutions Wy, of (1.11) with

The solution W,, has exactly n zeros.

Remark 1.1. There is an explicit formula for the first stationary solution (see [2])

c— = 3 3

Wy=——22m = +\f.
%+3(C*1) 2

1+v3

This solution corresponds to lim,_, o Wi(z) = a1 = W

We give a detailed proof of this result in the appendix, where we follow arguments
of Smoller, Wasserman, Yau and McLeod. The above solutions are all nonlinearly
instable :

Theorem 3 (Main Theorem). For alln > 1 the solution W,, of (1.11) is unstable.
More precisely there exists g > 0 and a sequence (W({:’m Win,) with ||(Weh,, Wi, ) —
(W, 0)|le = 0, m — oo, but for all m

sup [| (W2 (), W (8)) = (W, O)lle = €0 > 0.
t>

Remark 1.2. We don’t show in this paper that there is no stationary solution with
W(2m) > a;. We do not exclude either the fact that there may exist solutions with
an infinite number of zeros which tend to zero at infinity. Our main theorem does
not apply to this two categories of hypothetical stationary solutions.

For n given we construct initial data from W, as in Section 1.4. Let Fj, be the
corresponding curvature at time ¢t = 0. We obtain

Corollary 1.2. For alln > 1 the solution F,, of (1.3) is unstable. More precisely
there exists g > 0 and a sequence of initial data giving rise to the curvature Fy,
with
E@ONF, — F,) =0, m— oo,

but for all m

sup EG)(F™(t) — F,) > e,

>0
where F'"(t) is the solution associated to the initial data corresponding to the cur-
vature Fy', .

Acknowledgments. The first author acknowledges support from the ANR fund-
ing ANR-~12-BS01-012-01. Both authors thank Sari Ghanem for fruitful discussions
on Yang-Mills equations. We also thank Thierry Gallay for pointing out several
references.
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2. ABSTRACT SETTING

2.1. Abstract result. We consider the one dimensional wave equation

i—u"4+Vu = F(u),
uli=0 = wuo, (2.1)
Owult—o = w
with = 8;, ' = 9, and
V € C(R)N L*(R), | l‘im V(z) =0, / V(z)dx < 0. (HV)
xTr|—00 R

We also suppose that
1F(u) = F(u)llz> < Mp([[ullar + [ollz)lu = vl (HF)
for ||ul|gr <1, ||v)lgr < 1. Let X = H* x L2. We then have the following

Theorem 4. The zero solution of (2.1) is unstable. More precisely there exists
€0 > 0 and a sequence (ug®, uf™) with ||(uf’, ui*)||x — 0, m — oo, but for all m

sup | (u™(t), O™ (t))||x > €0 > 0.
t>

Here u™(t) is the solution of (2.1) with initial data (ud',u*) and the supremum is
taken over the mazimal interval of existence of u™(t).

Let
A=-02+V, D(A) =H*R).
We note that A is a selfadjoint operator.

2.2. Spectral analysis of A.
Proposition 2.1. We have
a(A) = {=A2}nen U [0, 00),

where =A%, Ao > A; > ...\, > ... > 0 s a finite (N = {0,...,N}) or infinite
(N =N) sequence of negative eigenvalues with only possible accumulation point 0.

Proof. First note that o(A) NR™ # . Indeed let x € C(R), x(0) = 1, x >
0, xr(-) = x(%)- Then

1
(AXR,XR) = = / IX'(z)|?dx —l—/V(sc)x%;adx — /V(at)das <0, R— .
We now introduce the comparison operator
B—
We compute
B-2)t—(A-2)"=U-2)" V(B2

Using that lim,_, 1o V(z) = 0 we see that this is a compact operator. By the Weyl
criterion

Oess (A) = chs(B) = [07 OO)
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On the other hand we already know that A4 has negative spectrum. It therefore
has at least one negative eigenvalue. A being bounded from below the proposition
follows. ]

2.3. The wave equation as a first order equation.

2.3.1. The linear equation. The equation

v+ Av =0

0 i
O = L, L:(M é) 1”:(1,;)1@)'
Remark 2.1. Let

is equivalent to

Ay = —N¢o.
Then we have
(1) o € B2,
(2) Let ¢f = ( if)\o(bo ) Then
Lyy = £25 -

Let V_ be the negative part of the potential. For u? > ||[V_]||(> A2) we introduce
the scalar product

(u, U)M =((A+ MQ)U(% vo) + (u1,v1)
where (., .) is the usual scalar product on H = L*(R). We note ||.||,, the correspond-
ing norm. It is easy to check that the norms ||.||, and ||.|x are equivalent.

Proposition 2.2. L is the generator of a C°— semigroup et on X.

Proof. Let p? > ||V_| and

0 ) 0 0
= (i 0)r 2= e o)

iL, is a selfadjoint operator on (X, (.,.),) and in particular the generator of a C°—
semigroup el#!. We have L = L, + B,. B, being bounded, we can apply [15,
Theorem 3.1.1] to see that L is the generator of a C°— semigroup on (X, |.]|,) and
thus on (X, ||.||x)- O

1 1

Note that detM; = 2i)\; # 0 and that M; is thus invertible. We define P, =
I _x23(A)M; and X; = P;X. We also define Xoo = I+ (A)LoX. Here 1;_52y(A)
and Ig+(A) are defined by the spectral theorem. In particular 1;_,2y(A) is the

Let now

projection on the eigenspace of A associated to the eigenvalue —\?2.
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Lemma 2.1.
X = (@ienXi) ® Xeo.
Remark 2.2. Note that the sum is orthogonal with respect to the scalar product

(oD
Proof. Let (¢,v) € X. We put

b = ey A)6, = sy (A, < 4 ) — ! ( o ) |
Since A is self-adjoint, we can write

$=> i+ Ipr(A)p, Y= ¥+ g+ (A,

ieEN ieEN

¢ ) ( ¢ ) ( Ig+(A)o )
frd MZ ~ +
(2)-zm (%) (o
gives the required decomposition. For uniqueness let

(%)= (5)-()

Applying lg+(A), 12y (A) to each line immediately gives

Then

boo = Tpt (A)9, Voo = I+ (A)Y, ( jg: > =M ( ZZ ) ’

where ¢; = 1 x2y (A, ¢; = 1_x2;(A)g. |
Let
X = Milly_y2y(A)P:X,
where Py (¢,v) = (4,0), P_(¢,v) = (0,%). Clearly X; = X;" & X;” and thus
X = (@(X;r ® X;)) D Xoo.
iEN
Remark 2.3. Let (¢;,10;) € X Then L(s, ;) = £X\i(ds, ;).

Remark 2.4. On X; the norm ||.|| z,, is equivalent to the norm |[|.|[x and XX
are orthogonal with respect to this scalar product. Indeed :

<< %?<z> )( —i >>m = X (¢,9) = N (g,9) = 0.

Proposition 2.3. (1) The spaces X;, Xoo are e'* invariant.
(2) For all € > 0 there exists C. > 0 such that for all i € N and for all t € R
e x| xox < Ceeitaltl,

(3) For all € > 0 there exists Ce > 0 such that for all t € R

et x llxox < Ceell.
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Proof. (1) We have

2%
etLMi]l{—)\?}(A)]l2 < ZZ ) :lel{_)\z}(A)]lg( ee_t)\i)p )

and thus X is invariant under the evolution. The fact that X, is invariant follows
from the fact that Ig+(A) commutes with L.

(2) Because of the equivalence of the norms it is sufficient to estimate the |||,

norm. Let
i )
c X;.
( (05

We compute

2EY I T

- 0
( i
i
where

(0 (e 0 (=T 0
NZ_( 0 1 )Ml g e )M 0 1)

We then estimate uniformly in ¢ € N

m

IN

INillfe e

1 tA; —tA; A (o—thi _ ot 2
Wiz 5 |5 (sl g T g one )
(et —emt) et te )
We have for ¢t > 0
i( tA 7t)\1) _ Zi (tAi)erl
N 2N (2i+1)!
=1
— (tA)* A i 5 (tot
< 2 < t(et i) < (eite
< ;(22‘)! <tle+e ) < Cee
Using that \; < A\g we find uniformly in i € NV:
(Aite)lt|

[Nillrzr2 S e
(3) We consider the case t > 0. First note that

lullX, = (Auo, uo) + [|ur||* + €*|uo|*

defines a norm on X,,. We estimate for u(t) = e'fu

d ) . .
£||u\ 3( 2Re ((.Auo,u0> + (uy, 1) + 62<u0,u0>)
= 2Ree(ug,iuy)

2% |[uolll[uall < €*[luoll* + ellua]|* < efjul

IN

2
X
By the Gronwall lemma we obtain:

lu@®)1%, < Cee”|lul

2
X
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We now claim that on X, the X and the X, norms are equivalent. Indeed
(Aug, uo) + [lur[|* + €[luol* < lluollF + lJua]|*.

Also,

(=03 + V)uo, uo) — (Vuo, uo) + [[uol* + fJur ||
< (Auo,uo) + [luoll® + [lual* < lul

luol 7 + [lua ®

2
X
Then we can estimate

lu@®)[x < llu®)] x, S efullx.

x. S elul

U

Let Y = Xg @ (@il XZ') ® Xoo- We have X = X @ Y and both spaces are

invariant under etL.

Corollary 2.1. For all € > 0 there exists My, > 0 such that for allt > 0 we have

e |y llxox < My eMFor,

Proof. Because of the equivalence of the norms ||.||x and ||.||, (#? > ||[V_|x) it is
sufficient to show the estimate with respect to the norm ||.|[,. We choose € < A;
and apply Proposition 2.3. Let

N
=05+ bi+ oo

i=1
with ¢ € X', ¢s € X, P € Xoo. We have

N
Y —
leglls = e g 7 + D e dilly + lldooll
i=1

N
N (lgg I + D Neillh + goolli) = e
=0

N

Let
Eo = T_a (A)MoPy My, By = 1 — E.
We easily check that
Ve X, B € X3 WeX, EiweY;, Ey+FE =1

2.3.2. The nonlinear equation. The nonlinear equation writes now as a first order
equation

oY = L+ G()

’ 2.2
{ b(0) = Wy (22)

with
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From hypothesis (HF) we directly obtain

IG(@) = G(d)llx < Mr(l¢llx + l[ollx)Y - ollx (2.3)
for ||¢]lx <1, ||¢]lx < 1. The abstract theorem then writes

Theorem 5. The zero solution of (2.2) is unstable. More precisely there exists
€0 > 0 and a sequence Y§* with ||| x — 0, m — oo, but for all m

sup [ (t)||x > €0 > 0.
>0

Here 4™ (t) is the solution of (2.2) with initial data " and the supremum is taken
over the maximal interval of existence of ¥™.

Remark 2.5. We could in principle apply [9, Theorem 2.1] or [16, Theorem 1],
Proposition 2.3 and Corollary 2.1 establish the necessary spectral information of
etl’. However the energy space we are working with is not exactly the space which
is used for the spectral analysis. We therefore have to adapt the proof to the
present situation, see Section 3.2. For the convenience of the reader we repeat in
the following two pages the principal arguments in the proofs of the instability
theorems. Our proof is an adaption of the proof of [14, Theorem 5.1.3]. Note
however that this last theorem cannot be applied directly, because it requires the
linear part to be sectorial, which is not the case here.

2.4. Proof of the abstract theorem. We note Ly the restriction of L to XS'
and L; the restriction of L to Y. For 1y € X with small norm we consider for a
certain parameter 7 > 0 the integral equation

t

t
Y(t) = eLa(t*%}ﬁ/ eLU(t’S)EOG(q/J)der/ M =R G()ds = Z(¥). (2.4)

We fix € > 0 in Corollary 2.1 small enough such that A; := Aj4€ < Ag. We will drop
in the following the index € (M = My ). We fix 8 > 0 such that Ao > 28 > A;.
Let

Z ={$ € C([0,7]; X); [¥]lx <’ p}.
We equip Z with the norm

[llz = sup [le” P p(t)]|x.
0<t<r

Let 1) such that [|¢||x = §. We claim that for p small enough
Z:Bz(0,p) = Bz(0,p)
and that it is a contraction on that space. First note that
I() =Zo(¥) + I1(¥) + Z2(¥)
with
To(y) = ey,
() = — / LD By G((t 4 1 — u))du,

t

L) = / 1) BG4 (s)) ds.

— 00



YANG-MILLS FIELDS ON THE SCHWARZSCHILD BLACK HOLE

We first estimate for ¢t < 7
IZo () Ix = e~ [l x < 1/3¢°“p.
We then estimate for ¢ € Bz(0, p)

IT@)lx < MelBol [ MOt + - u)du
t
< MFHEO”/ er(ufT)pzeQB(tfu)du
t
< MF||E0||eQﬂte*A°Tp2/ e(PCo—2B)u g,
t
1
< Mrl|E 2 2Bt ,—XoT___—~  _(Ao—2P)T
< Mp|Eo|p7e™ e o —35°
_ MrlEollp* 2p¢-)
Ao — 28
Mr||Eollp® 1) Bt—r)
< ZENRONP p-r) < 1 /3pef(t-T
- )\0725 € - /p€

for p small enough. We then estimate for 1 € Bz(0, p) :
t -
Tl < MMe|B [ M9 s

2 -
M M| Ex|p At o267 (28— 30)t

28 — A\
2
= MiMEIER aper) 3 p0)
28 — M\ B

13

for p small enough. We have just proven Z(1)) € Bz(0,p). Let us now show that T

is a contraction. We estimate

171(¥) = Tu()llx < 2MFIIJ’*Joll/ = Py — b x (+ 7 — u)du
t

IN

M| Eolloll — &z / Polu=T) 28 g,
t

2Mp|| EollpllY) — ¢||Z€25t67’\07/ ePo=2Bu gy
t

< 2MF||E0||P625(t—T) < 1/4P0-7)

Ao — 28

for p sufficiently small. We then estimate

t ~

1Z2(v) — (o) |Ix < / M M|y | pe™ =) B 1y — ol xds
t ~

2M Mp||E: [lpll — 6|2 / i) 2807 g

— 00

IN

- t B
M, M| By ||| — 6] ze™te 2 / 28305 g

— 00

MM Bl e o goote
28 — A\
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for p sufficiently small.

It follows that for p sufficiently small there exists a solution of (2.4) in Bz(0, p).
We note this solution (¢, 7). We easily check that (¢, 7) is also solution of (2.2)
with initial data satisfying

[l (0,7)||x < pefBT — 0,7 — oo.

We also estimate

[l = oollx ~ MeMe| B [ 280

= p/3 _ MLMF||E1”ID2€(5\172§)T / e(Zﬁfj\l)sds

— 00

M Mg||Eyl| p?
> p/S—thanp/G
28 — )\

for p small enough. It follows that ¥™(t) = ¢(t,m) does the job. [l

3. APPLICATION OF THE ABSTRACT RESULT TO THE YANG-MILLS EQUATION

First note that if W (¢,r) is solution of the Yang-Mills equation (1.11) (written in
the r variable), then W (2mt, 2mr) is solution of the same equation with m = 1/2

and vice versa. We can therefore suppose in the following m = 1/2. We linearize
around W = W,, and obtain for v = W — W,,:

b —v" + P(BW2 —1)v + Pv*(v+3W,) =0.
The linear operator
A, = -9+ PBW2 -1)
depends on the stationary solution which we don’t know explicitly. We put
V,, = P(3W2 —1).

We first want to apply our abstract result on X = H' x L2. It is easy to see that
the nonlinear part fulfills the hypotheses of the abstract theorem. Indeed we have

Proposition 3.1. We have for ||[v|| g1 < 1, |Jullg < 1:
1F(v) = F(u)llzz < (ol + lulla)llv = vl g

Proof. We compute

F(v) — F(u) = P(v* 4+ u* + wv + 3(W,v + Wou)) (u — v).
Thus
IF@) = F@lle S (lo2lze + a2l — ollz + (lollo + lolle lullz + )l — ol z2
< (olze + lallzolle = ol + (ol + lolla ellm + lulg)llv = ull @
S (Ul + el + 1ol + lullm) e = ol
S (lllay + llulla)llw = vl

for |ullgr < 1, ||v||gr < 1. Here we have used the Gagliardo Nirenberg inequality
and the Sobolev embedding H! < L. ]
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In the next subsection we will show that

/ Va(z)dz < 0.
R

3.1. Study of the potential V,,. Going back to the r variable we see that the
potential W, fulfills the following equation

1 1 1
1—2)0°W,, + =0, W,, + =W,,(1—-W2) =0 3.1
(1-7) 2w gow, s waa-w2) (3.1)

with initial data (or boundary condition) W, (1) = a,, for 0 < a, < 51:3‘\//%. We
We will drop the index n in the rest of this

also have lim, oo W, (r) = (=1)".

subsection.

3.1.1. A bound on W.
Lemma 3.1. We have —a < W < a for1<r <3.

Proof. Since the initial data for W are W (1) = a and W/(1) = —a(1 — a®) < 0,
there exists rg > 1 such that for 1 < r < rg we have

—a<W(r)<a
Then Lemma A.1 implies that on this interval we have
—a < 9, W(r) < a.

W is initially decreasing and can not have a local minimum in the region W > 0
(this is a consequence of the maximum principle, see Lemma A.2). Consequently
there exists r1 > 1 such that 0 < W < a on [1,71] and W (ry) = 0. Because of the
bound of the derivative we have r; > 2. By the same bound we have —a < W < a
on [ry,r + 1]. |

Let Q(r) =1—1 — 745.

Proposition 3.2. We have forr >3
—Q(r) < W(r) <Q(r)

Let
1 52 1 P 1 9
L(u,r)=1{1- - ru+ﬁ -+ ﬁu(l—u ).
Before proving Proposition 3.2, we need the following lemma

Lemma 3.2. For r > 3 we have L(Q,7) <0 and L(—Q,r) > 0.

Proof. Since L is odd in w, it is sufficient to prove L(Q,r) < 0. We calculate

1 2 3 1 1 1 1 1 1
L@”):(l‘r) (‘wW)W(ﬂW)W(l‘fw) (“(“‘

_ 2,23 3 |1
Copd s 46 4T 88T
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Consequently, for 7 > 3 we have

1 2 3 3 1 1
L(Q,r)§7a4<2++ + )Sr‘l

3 4%32 4*33+8*34 <0

If the inequality of Proposition 3.2 is false, there exists 1 < 7o with ro which can
be infinite such that

W(r1) =Q(r1), W(rz2) = Q(r2)

and W > @Q on |r1, 2| (The case W < —Q is treated in a similar way). Consider
ro such that W — @ is maximum at ry. Note that such a maximum always exists
independently if lim,_,.c W(r) = —1 (in which case ro < 00) or lim,_, ., W(r) =
1 =lim, _, Q(r). Then we have

L(W,rg) — L(Q,70) = —L(Q,r0) >0

so
1 1
(1-5) @ - 2Q)m) + 5 (W1 - W) - Q1 - Q%) >0
0 0
Since
W (o) > Q(ro) = Q3) = 15 > =
0 )= T 1873
and the function x — x(1 — 2?) is decreasing for = > % we have

(WIL-Ww?*-Q(1-Q%) <0
and consequently
(1-+) @ -2 >0
0

which is a contradiction with the fact that W — @ is maximum at rg. [l

3.1.2. A bound on the potential. We now come back to the potential
V =P@BW?*-1)
Proposition 3.3. We have

/R V(z)dx < 0.

Proof. First note that

< 3W? -1
/RV(m)dx = /1 Tdr.

/33W2—1</33a2—1 2(3a% — 1)
1 N

72 72 3

We estimate
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and
> 3W2 -1 > 1 1\? | 2
[ () ) e T (et B [ 2
3 72 3 12 r 3 12 r 2 r
1,110
3 21 21
Note that )
2(3a2—1) 10
—3 +E<O
because a < 51:3\\/% < % Therefore we have
/V(x)dm<0.
R

U

3.2. Proof of Theorem 3. The main theorem with £ replaced by X now follows
from the abstract result. In order to be able to replace X by £ we need the following
lemma. We will drop the index n.

Lemma 3.3. Let ¢y be an eigenfunction of A with eigenvalue —\?. Then we have

2 2 2
[ Plon =2 [ oo (3.2)
—/V|¢0|2 > 0. (3.3)

Proof. Let us first show (3.2). We have
(=07 +V)bo = —X*¢p.
Multiplication by ¢¢ and integration by parts gives

/|¢6l2+/V\¢O|Q+A2/\¢O|2 = 0. (3.4)

Now recall that V = P(3W? — 1), thus

/P|¢0\2 > /\2/|¢0|2-

We now show (3.3). From (3.4) we obtain :

~ [ Vil = [1652+ 52 [ 160 =0

Let H' the completion of C§° for the norm
lull e =l + llullZe
We put € = H! x L2

Proof of Theorem 3
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‘We continue using the notations of the abstract setting. We claim that it is sufficient
to show the following :

There exists €9 > 0 and a sequence " with |97 ||x — 0, m — oo,

but for all m  supyso 1™ (£)llz > €0 > 0. (IM)

To see this we first note that

o' lle < [lvg" | x

because

1/4
1/2
(fPut) " < Bl < ol

by the Sobolev embedding H' < L. On the other hand

, 1/2 1/4 \ 1/4
fally = ([ 7)< ([P) ([ ru) <l

1™ @lle 2 9™ @)&-

Let us now show (IM). We follow the proof of the main theorem. We choose

and thus

_( %o B 1
wo= (a8 ) o0 € By (A, ool = 3T er

We estimate

l[%oll%

(=02 + V), do) — (Vo, do) + llpoll* + Agllol®
< (IV=llso + Dlioll* = 1/90°.

Thus the first part of the proof goes through without any changes. We then have
to estimate |[¢(7)||z. We estimate

o2 = (Ado,do) — (Vido, do) + /P|¢0|2 2202

—(Vo, ¢o) ‘i‘/P|<Z50|2

[ Plool =38 [ fonP

1
)} . —
9T+ V)

Y

Here we have used Lemma 3.3. Using
[ullg < Cullullx

we find

o 20\ M Mp|[Ey| o o

”1:[}(7—)”5 > 3(1 + ||V—||oo)1/2p_ 26 -1 p= 6(1 + ||Vf||oo)p

for p small enough. ]
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3.3. Proof of Corollary 1.2. We recall
E@(F () = (W, W).

We take the same sequence of data W', as in Theorem 3. We first have to show
that

/P((T/V(’ffn)2 - I/VfL)2 -0, m— oo.

This follows from

N

/ P(WL)? — W22 / POV, — W)t + / PW2(W, — W,)?

AN

1/2
/P(W(}f’n - Wo)'+ </ PW§, — Wn)"‘) —0, m—o0
by Theorem 3. In the first inequality we have used the estimate

(A2-B?)? = (A-B)*(A+B)? = (A-B)*(A-B+2B)? < 2(A-B)*4+8B*(A-DB)?,

and the fact that ||W,|L~ < 1. Now we have to show that

sup / (W2 4 (WY — W2 4 P(W2 — W22 > 6 > 0. (35)

We know by Theorem 3 that

sup/(VV,’l”)2 + (WM™ = W)+ PW™ — W,)* > e > 0. (3.6)

t>0

We also know from the proof of Theorem 3 that this supremum is achieved on the
interval [0,m] and that on this interval

W~ Walle < p

for some p > 0. Now observe that for u € H! we have

[re<o ([ 2e) " (Jor)" 1)

Indeed by density we can suppose u € C§°(R) and then compute

= [oucbpe=o [ ueo ([ 2e) " (Jur) "

Let us now show (3.5). We can suppose that

sup / (Wmy — w2 < -0

t>0
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because otherwise there is nothing to show. Then we estimate
[ Wy = Wi Py - w2y

. 1
> / W (W)~ W)+ S POV — W)t — APWEW — W,)?

> [ SOy = Wi+ POV - W)
[y ) ([ ST
> 2 / W2 (W) = W2+ P~ W) — eo/4,

where in the first inequality we have used the estimate

(A - B*?=(A-B)*(A- B+2B)>=(A-B)?((A— B)? +4B(A - B) + 4B?)

~—

> (A~ B)2((A— B)? — (A— B)? —8B% 4 4B%) = %(A _ B)' — 4B*(A— B)?,

DN =

and in the second inequality we have used (3.7) and the fact that |W,||z=~ < 1.

The supremum over ¢ > 0 of this expression is > €/4 by (3.6). O

APPENDIX A. PROOF OF THEOREM 2

In this appendix we give an explicit proof of theorem 2. We adapt in the simpler
uncoupled case the arguments of Smoller Wasserman Yau, McLeod [19]; Smoller,
Wasserman, Yau [18] and Smoller, Wasserman [17] to show the existence of infinitely
many solutions. In this appendix we work with the r variable and we note ' = 9,
in this appendix ! Again we can suppose that m = 1/2. Recall that the stationary
equation writes

1 " 1 ! 1 2
EE—— —_— —_— — = . .1
(1 T)W W WA =) =0 (A.1)

A.1. Local solutions.

Proposition A.1. Let0 < a <1 and0 < a < 1. There existsr, > 1 and a unique
solution W € C*%([1,7,]) with boundary condition

W) =a, W(1)=b W’'(1l)=c

where

b= —a(l —a?®), 2c=—b(1—3a?)

Proof. We set z = W’ to write the equation as a first order system. We consider

X = {(w,2) € CBI(L, 1) xCT([L, 1e]), w(l) = a,w'(1) = 2(1) = b,w"(1) = 2'(1) = ¢}
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and the map T : (w, z) € X — (w, 2) with

T
@:a—&—/ z,
1

z=0b— r;z w(l — w?
’ /10(,0—1)( ol )

We first show that T" preserves the boundary conditions. We calculate
1
~ I 1 _ 2
7= (el )
1

=~ =D <z+a(1—a2)+/1rw/(1_3w2)>
:_74(741—1)(2_1’)_7”(7”1—1)/;1”/(1_3102)

so 2'(r) = —2'(1) — w'(1)(1 — 3w?(1)) = —c + 2¢ = ¢ when r — 1. We now show
that T is a contraction in Bx (0, A) for € small enough. For this the only difficulty
is to estimate

F-FM 1 |1
i Spoip | rpopE el mw)
1 1 " ! !
S e —r(r_l)(b—l-/l (/(p) = 2'(1))dp + c(r — 1)
+a(l—a?) + / (w(1 = w?))'(p) = (w(1 = w?)) (dp+ b1~ 3a)(r ~ 1)) ~ c]
1 1 TN o
< ey | G0 - 2
1 1 r . . .
R e 1>c+/1<w<1—w>> (p) — (w(1 — w?)) <1>dp)

<W /; 12" (p) — 2" (1)] + Cﬁ (1 B 71~>

iy I =) o = 1

1 ’ " 1— 1—
<y oo [ o= 17+ e+ Clfufea)et

< ||| + e~ + Ol z)e .

1+«
Consequently we can show that for € small enough, T' is a contraction, with con-
tracting constant —— + C(A)e! =%, and consequently it has a unique fixed point.

1+«
U

As a corollary of the proof of local existence we obtain the continuity of the family
of solutions W, with respect to the initial data a.

Corollary A.1. Let 6 > 0. If W, is a solution on [1, R] with —1 < W, <1 and o
is sufficiently close to a, then W, is defined on [1, R] we have

[Wa = Warllg2a(1,m)) <0
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A.2. Basic facts.

Lemma A.1. Let 0 < B < 1. As long as W is a C? solution with |[W| < B we
have |W'| < B.

Proof. Assume that in [1,7¢] we have |IW| < B. Then

B 1 B
—a SO WIE SWI <5
and consequently
B ka K B T
F=le-om] = )
"1 r 1 "1
SO
-B<W'(r)<B

Corollary A.2. The solution W exists and is C*® as long as |W| < 1.

We now consider the solution W on [0,r,] where r, is the smallest r such that
|W| =1 if it exists, and r, = 0o otherwise.

Lemma A.2. The solution W cannot have a local minimum with W > 0 nor a
local mazimum with W < 0.

Proof. If W has a positive local minimum at rg then

1 1

(1 5 ) W trw)+ W) (1= W) =0
To r

but W (rg)(1 — W2(rg)) > 0 (the local minimum cannot be 1), and W (rg) > 0,

which is a contradiction. ]

Lemma A.3. The solution W can not have a limit | # —1,0,1.

Proof. Assume that W — [ with 0 < [ < 1. We can write for r; big enough and

Tp > 11 [l(l—l%]r S [(1_ 1)W,y" < F(l_l?)_ey

r - r .- r r

Since W — [ there exists a sequence r, — oo such that W’(r,) — 0. Letting
n — 00 we obtain

I(1—1?)—¢ , 1 (1—1%)+e
D=t iy (1- 1) <

(1—-1%)—¢ < W)

IN

T — ].
and there exists a constant C' such that for r big enough

(11 =1 —e)ln(r—1) <W(r)—C

which is a contradiction. Il
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A.3. More technical facts.

Proposition A.2. Let 0 < a < 1. There exists ¢ > 0 and R > 0 such that if there
exists R < rog < 14 such that W has a local extremum at ro with 1—e < |W(rg)| < 1
then 1, < 0o and W has one and only one zero in [rg,rq].

Proof. We consider the case W(rg) > 0. The other case can be treated similarly.

We consider
W W

H = .
"y 2 4

We calculate

H'(r) =r(W')? + rzr(ll_ . (W + W - W)W + WW — W3W'
0 (r+ =) - (1 )
=(W')? <r + TT_ T)> +WW'(1 - WQ)%.

Let R be such that for » > R we have

<r+r(17ir)> >0

then for r > R and WW’ < 0 we have H'(r) > 0. With our assumption on o we
can estimate

(1—-¢? 1
2 4
for a suitable 6 which will be precised later, and e
local maximum at rg, there are two possibilities

H(’I‘Q) Z

W
g 5~

mall enough. Since W has a

e We have r, = 0o, W is decreasing on [rq, +oo and W — 0 at cc.
e There exists r; < r, such that W(r;) = 0 and W is decreasing on [rg,r1].

In the first case we obtain for all r > r,, H'(r) > 0 so

1
H(r) > —
QST
and since W — 0 the expression of H yields the existence of o such that for r > ry
1
W/ 2 >
72 G5 e
so W'(r) < _\/251Tr and W(r) < W(ry) — ﬁln(r) which is a contradiction.
Consequently we are in the second case. We have H(r1) > H(rg) so we can estimate
W'(r1)
1
W/(’I’l) S —

\/%7“1

Moreover, when —1 < W < 1 we have W (1 — WQ) < % and consequently we can

o (-0l = s,

write for r, > r9 > 11
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and consequently

1 1 1 2 2
1—— | W(r <—<1—) + - :
< T2> ( 2) o T1 \/%7‘1 3\/§T1 3\/§T2

For r1 big enough (which is possible by choosing R big enough) and ¢ close enough
to 1 (which is possible by choosing e small enough) we have

1 1 2
—(1-—] —+— <0,
( T1> V26r,  3v3r1

since % < % and consequently
2
W'(rgy) < ——~——,
( 2) o 3\/3(’/“2 — 1)
and therefore r, < oo, W(r,) = —1 and W' is decreasing on [r1,7,]. This concludes
the proof of Proposition A.2 ]

Proposition A.3. Let N > 0. Then for a small enough, the solution W has more
than N zeros on [1,r,]

Proof. To count the number of zeros of a solution W we can introduce the function
6 which is the continuous function such that

W/

W

and —% < 6(1) < §. Then W has N zero between 1 and r¢ if and only if

tan(f) =

—%—Nﬂ'<9(7‘0) < g — Nm.

It is totally similar to count the number of zero thanks to the function v defined
by

!
tan(y) = TII/I/I// :
We estimate 1)’
V) = 1 WW' +rW") —r(W')?2
- rW/ 2 2
L+ (%) W
WW! — WL (W + W (1 — W2)) — (rIW")?
N W2+ (rW’)2
:WW';j - LW2(1-W?2) — (rW')?
W2 4 (rw’)? '

We first estimate

WWHSE L rWw 1
W2+ (W2~ r W24 (rW’)2 — 2r°
We assume that |[W| < §. To estimate the other terms we consider three cases

<

e 2|W|2 < |rW'|?. Then we have

1 r(W')2 12 1

"M==t < — — = ——,
1/1(7’)_% W24+ (rWh2 — 2r  3r 67
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e 2|rW'|? < |W|?. Then we have

Yy <l o WAA-WH) 1 20-8) 3-4(1-8)
—2r (r=1)(W24+(W"2) —2r 3(r—1) — 6r '
o LW < |rW'|> < 2|W|2. Then we have
N2 2 7 2 52 _ 2
Yy Lo W WPA-W?) 1 1 (1-8%) 3-4+28°
2r W24+ (W2 (r—1)(W2+ (W")2) — 2r 3r 3r 67

If we take § small enough we then have
1

Y'(r) < o

Let now R be such that —:5In(R) < —Nn. Thanks to Corollary A.1, we can find
ap small enough such that for 0 < a < ag the solution exists on [1, R] and satisfies
|[W| < 6 on this interval. Then ¢¥(R) — (1) < —N7 so W has at least N zero on
[1, R]. This concludes the proof of Proposition A.3. [l

Corollary A.3. Let W be a solution with r, = co and a finite number of zeros.
Then W — +£1.

Proof. Because of Lemma A.2 a solution with a finite number of zeros has a finite
limit. Because of Lemma A.3 this limit must be 0 or +1. If it was 0 we could find
Ry such that |[W| < § for r > Ry, with § defined in the proof of Proposition A.3.
then for r > Ry we have

TJ)/(T) < _Ea

consequently v is unbounded from above, so W has an infinite number of zeros. []

A.4. Proof of the Theorem.

Lemma A.4. Let X,, be the set of initial data a such that the corresponding solution
has n zeros and satisfies r, < 0co. Then X, is open and if « is a limit point of X,
the corresponding solution satisfies o, = 00 has m zeros, withm =n orm=mn—1
and tends to (—1)™ at infinity.

Proof. The fact that X, is open is a direct consequence of Corollary A.1. Let o be
a limit point and let a; € X,, be such that a; — a.

Assume first that W, is such that r, < oco. Then we can compare the solution on
the fixed interval [1,7,] so Corollary A.1 implies that W, has exactly n zeros, so
a € X, which is a contradiction. Consequently r, = co. This also implies that the
sequence of 7,4, is not bounded.

Assume now that there exists R such that W, has strictly more than n zeros before
R. Once again Corollary A.1 yields a contradiction.

Assume now that W, has m zeros with m < n. Then thanks to Corollary A.3 W,
tend to (—1)™ and Proposition A.2 implies that the W,, have m or m + 1 zeros. []
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Proof of Theorem 2. Let X, be the set of initial data a such that the corresponding

solution has less than n zeros. Let o = min(X,). Proposition A.3 implies that
a > 0. There are two case

o If x € )N(n, then W, is a solution with m < n zeros with r, = co. Then
Corollary A.1 and Proposition A.2 imply that for a close to « either the
solutions have m zeros, either have m + 1 zeros and r, < oo. Consequently
we have m = n and considering a sequence a; < « converging to a we have
shown that X, 41 is non empty.

o If ¢ )N(,, then W, must be a solution with r, = oo and k > n zeros.
But we have shown in the previous point that in a neighborhood of such a
solution we can only have solutions with k or k + 1 zeros, so this case can
not occur.

We start the iteration with the function
c—r 3+ \/§
e T S s B
which is a special solution of (3.1), with only one 0 (see [2]). Note also that

1+V3

Wi =

Wi(l) = ——— =ay.
W=5s o
We then obtain at least one solution —1 < W, < 1 for each number of zeros n.
This concludes the proof of Theorem 2. Il
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